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In  this  dissertation,  we  study  the  dynamics  and  control  of  coupled  mechanical 
systems.  A  key  feature  of  this  work  is  the  systematic  use  of  modern  geometric  mechanics, 
including  methods  based  on  symplectic  geometry,  Lie  symmetry  groups,  reductions, 
lagrangian  mechanics  and  hamiltonian  mechanics  to  investigate  specific  Eulerian  many- 
body  problems.  A  general  framework  for  gyroscopic  systems  with  symmetry  is  introduced 
and  analyzed.  The  influence  of  the  gyroscopic  term  (linear  term  in  Lagrangian)  on 
the  dynamical  behavior  is  exploited.  The  notion  of  gyroscopic  control  is  proposed  to 
emphasize  the  role  of  the  gyroscopic  term  in  designing  control  algorithms.  The  block- 
diagonalization  techniques  associated  to  the  energy-momentum  method  which  proved  to 
be  very  useful  in  determining  stability  for  simple  mechanical  systems  with  symmetry  are 
successfully  extended  to  gyroscopic  systems  with  symmetry.  The  techniques  developed 
here  are  applied  to  several  interesting  mechanical  systems.  These  examples  include  the 
dual-spin  method  of  attitude  control  for  artificial  satellites,  a  multi-body  analog  of  the 
dual-spin  problem,  a  rigid  body  with  momentum  wheels  in  a  central  gravitational  force 
field,  and  a  rigid  body  with  momentum  wheels  and  a  flexible  attachment. 
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CHAPTER  I 

Introduction 


Coupled  systems  very  often  arise  in  the  design  and  control  of  complicated  mechan¬ 
ical  systems,  such  as  robots  and  complex  spacecraft.  The  kinematics  and  dynamics  of 
each  individual  body  in  such  a  system  are  highly  coupled  with  the  motions  of  the  other 
bodies.  Geometry,  dynamics  and  control  are  three  essential  components  of  a  rigorous 
study  of  the  problems  underlying  such  systems.  A  rational  approach  is  to  first  recognize 
the  geometrical  structure  of  the  system,  followed  by  a  study  of  the  dynamical  behavior 
based  on  fundamental  principles.  With  this  understanding,  control  algorithms  can  be 
then  explored  to  fulfill  design  requirements. 

This  dissertation  is  part  of  an  on-going  program  to  understand  the  dynamics  and 
control  of  multibody  systems  from  a  modern  point  of  view,  see  [65]  [54].  In  [37],  questions 
concerning  the  dynamics  of  systems  of  kinematically  coupled  rigid  or  flexible  bodies  are 
referred  to  as  Eulerian  many-body  problems  to  emphasize  the  role  of  Euler  forces  (or 
frame  forces)  in  determining  the  nature  of  inter- body  interactions.  Typical  spacecraft 
designs,  such  as  that  of  the  Explorer,  Orbiting  Geophysical  Observatory,  Hubble  Space 
Telescope,  etc.,  present  examples  of  such  problems.  The  Remote  Manipulator  System 
on  the  space  shuttle,  the  proposed  Tele-robot  Work  System,  and  many  terrestrial  robots 
axe  further  instances.  A  careful  investigation  and  understanding  of  such  problems  is 
necessary  to  achieve  successful  design  and  control  of  such  complicated  systems  with 
demanding  mission  objectives. 

The  key  feature  of  this  dissertation  is  the  systematic  use  of  modern  geometric 
mechanics,  including  methods  based  on  symplectic  geometry,  Lie  symmetry  groups,  re¬ 
ductions,  lagrangian  mechanics  and  hamiltonian  mechanics,  to  explore  specific  Eulerian 
many-body  problems.  This  intrinsic  approach  provides  us  with  a  tool  which  is  global 
and  coordinate  free;  thus  avoiding  the  singularity  problems  and  cumbersome  calcula- 
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tions  associated  with  local  coordinates,  e.g.  Euler  angles  for  the  rotation  group  50(3). 
In  the  following,  Chapter  Two  describes  the  invariant  form  of  the  Lagrange-d’Alembert 
Principle  in  lagrangian  mechanics.  The  special  geometric  structure  of  the  rotation  group 
or  the  special  orthogonal  group  50(3)  is  exploited  and  used  to  display  the  classical 
Euler- Lagrange  equations  in  intrinsic  geometric  form.  This  development  provides  funda¬ 
mental  connections  between  lagrangian  mechanics  and  hamiltonian  mechanics  whenever 
problems  arise  with  the  rotation  group  appearing  as  a  factor  in  the  configuration  space. 
Chapter  Three  introduces  the  general  framework  of  gyroscopic  systems  with  symmetry. 
This  framework  plays  a  central  role  in  the  following  development.  Reduction  in  both 
symplectic  and  Poisson  senses  are  worked  out  in  detail.  One  variational  characteriza¬ 
tion,  namely  the  principle  of  symmetric  criticality,  for  the  relative  equilibria  is  derived 
for  gyroscopic  systems  and  applied  to  a  mechanical  system  consisting  of  two  rigid  bodies 
connected  by  a  ball-in-socket  joint. 

In  designing  a  communication  satellite  or  an  interplanetary  probe,  engineers  are 
often  faced  with  the  requirement  that  the  spacecraft  be  able  to  maintain  a  fixed  ori¬ 
entation  relative  to  some  inertial  frame.  In  the  process  of  attitude  acquisition,  damp¬ 
ing  effects  play  an  important  role.  Chapter  Four  initiates  a  discussion  of  hamiltonian 
systems  with  some  added  dissipation.  A  multibody  analog  of  the  classical  dual-spin 
problem  is  formulated  and  an  asymptotic  stability  theorem  is  established.  Namely,  the 
system  asymptotically  approaches  a  stable  relative  equilibrium  of  a  suitable  limiting 
gyroscopic  system.  This  leads  us  to  consider  stability  issues.  Accordingly,  severed  tech¬ 
niques  in  stability  analysis  are  discussed  in  Chapter  Five.  The  energy- Casimir  method, 
the  Lagrange-multiplier  method,  and  the  energy-momentum  method  are  discussed.  In 
particular,  the  block  diagonalization  technique  arising  in  the  energy-momentum  method 
for  simple  mechanical  systems  with  symmetry  [62]  [61]  is  extended  to  gyroscopic  systems 
with  symmetry. 

In  the  study  of  Newtonian  many-body  problems  in  celestial  mechanics,  it  is 
customary  to  treat  the  bodies  as  point  masses.  See,  for  example,  Sternberg  [68], 
Smale  [64],  and  Abraham  and  Marsden  [2].  However  the  proper  accounting  of  stable 
planetary  spins  for  instance,  would  seem  to  require  the  consideration  of  bodies  of  finite 
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extent.  This  makes  the  problem  an  Eulerian  many-body  problem.  In  Chapter  Six,  the 
hamiltonian  framework  of  a  rigid  body  in  a  central  gravitational  force  field  is  formulated. 
The  reduced  hamiltonian  formulation  introduced  provides  a  systematic  approach  to  the 
approximation  of  the  underlying  dynamics  based  on  a  series  expansion  of  the  reduced 
Hamiltonian.  These  approximations  preserve  the  structure  of  the  system.  The  energy- 
Casimir  method  and  the  Lagrange-multiplier  method  are  then  used  to  prove  stability 
results. 

The  main  feature  of  gyroscopic  systems  with  symmetry  resides  in  the  linear  term 
in  the  Lagrangian.  The  essence  of  gyroscopic  control  is  to  investigate  the  role  of  that 
linear  term  in  dynamical  behavior,  and  furthermore  to  utilize  that  linear  term  to  control 
the  system  dynamics.  These  issues  are  illustrated  in  great  detail  in  Chapter  Seven 
with  four  examples.  They  are  dual-spin,  dual-spin  in  a  central  gravitational  force  field, 
multibody  dual-spin,  dual-spin  with  a  flexible  attachment.  The  last  example  is  an 
infinite-dimensional  system  and  the  modeling  techniques  developed  in  Chapter  Two  are 
extended  to  such  cases.  The  effects  of  the  linear  term  on  stability  are  explored  for  each 
problem  by  using  the  techniques  developed  in  Chapter  Five.  The  discussions  shed  some 
light  on  a  general  methodology  in  attitude  control. 

This  dissertation  concludes  with  Chapter  Eight  where  some  future  directions  for 
research  are  also  outlined. 

There  are  three  numbering  systems  in  this  dissertation.  One  is  for  equations,  one 
is  for  Figures  and  Tables,  the  other  is  for  Definitions,  Theorems,  Lemmas,  Corollaries, 
Propositions,  and  Remarks.  They  all  have  three  digits,  with  the  first  and  second  digit 
representing  the  chapter  and  section  number  in  which  they  occur  in,  respectively.  The 
third  one  is  the  order  of  occurrence  of  that  item  in  the  corresponding  section. 
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CHAPTER  II 


Lagrangian  Mechanics 


Lagrangian  mechanics  provides  a  systematic  way  of  dealing  with  mechanical 
problems  from  a  unified  point  of  view.  In  contrast  with  working  on  the  cotangent  bundle 
as  in  most  of  hamiltonian  mechanics,  lagrangian  mechanics  formulates  the  problems  on 
the  tangent  bundle,  or  the  coordinate- velocity  space.  As  we  shall  see,  it  admits  greater 
freedom  in  interpreting  and  formulating  intuitive  physical  notions  such  as  forces  and  the 
principle  of  virtual  power.  Especially  for  nonholonomic  mechanical  systems,  there  is  no 
nice  “hamiltonian”,  or  “symplectic”  equivalent  notion  to  lagrangian  mechanics.  In  this 
chapter,  we  discuss  the  lagrangian  formalism  in  its  invariant  form,  and  then  apply  it  to 
the  dynamical  modeling  of  some  specific  problems.  A  key  source  of  inspiration  is  [69]. 

2.1.  Intrinsic  Form 

In  this  section,  we  introduce  the  invariant  form  of  lagrangian  mechanics  through 
local  representations  and  show  that  the  invariant  form  of  the  Lagrange-d’Alembert 
Principle  gives  rise  to  the  Euler-Lagrange  Equations  in  local  coordinates. 

Let  Q  be  a  smooth  manifold  (configuration  space)  with  local  coordinates  x,  TQ 
be  the  tangent  bundle  of  Q  with  local  coordinates  (x,  v) ,  t  :  TQ  — ►  Q  be  the  canonical 
projection  defined  by 


7r(x,  V)  —  X. 

The  tangent  map  Tt  of  the  canonical  projection,  Tt  :  T{TQ)  -*  TQ ,  can  be  expressed 
in  local  coordinates  as 


Tx(XiV)  (u,w)  =  u  G  TSQ, 
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which  is  a  projection  from  T(TQ)  to  TQ.  Since  the  Euler-Lagrange  Equations  are 
second-order  differential  equations,  we  need  to  consider  the  corresponding  elements  in 
the  jet  spaces  of  Q ,  namely  the  second  tangent  vectors.  Let  T(TQ )  be  the  second 
tangent  bundle  with  local  coordinates  (x,  v,  u,  w) .  Let  T(x,v)  be  the  tangent  space  of 
TQ  at  (x,  v ),  i.e.  T(x,v)TQ .  Let  ^  denote  the  vertical  tangent  subspace  of  T(x,v) 
which  consists  of  vectors  tangent  to  the  fiber  of  TQ.  In  local  coordinates,  each  vector 
in  can  be  written  as  (0,  w ) ,  for  some  w  G  TXQ . 


Define  the  map 


7(x,v)  :  TXQ  ->  T(IitI)  TQ 

7(*,»)  •  tt  =  (0,  u)  €  TfetV) 


(2.1.1) 


which  is  an  isomorphism  between  TXQ  and  T^x  vy  Let  X  :  TQ  —*  T(TQ)  be  a  vector 
field  on  TQ .  X  is  called  a  vertical  vector  field  if  X(x,  v )  €  Ty  v)  or 


X(x,  v )  =  (0,  w ),  for  some  w  G  TXQ. 


This  is  equivalent  to  saying  Tic  •  X  =  0.  A  vector  field  Xpv  is  called  the  principal 
vertical  field  if  it  is  a  vertical  vector  field  and 


XPV(X,  V )  =  7(x,v)  -v, 

which  is  (0,  v )  in  local  coordinates.  Let  u  be  a  1-form  on  TQ.  It  is  said  to  be 
horizontal  if  for  all  vertical  vector  fields  X ,  w(X)  =  0,  or  in  local  coordinates, 


u(x,  v)  =  (a,  0),  for  some  a  G  TXQ. 

The  dual  of  the  map  :  T{x,v)  TQ  -*  Tx  Q  can  be  defined  as 

T^XiV)  :  t;q  -  T(XiV)TQ 

(T*‘xv)a)  ( u,w )  =  a  (  Tir(XiI))  (u,w))  =  a(tt) 
where  a  G  TjTQ .  Thus,  Tirfx  v)  a  =  (a,  0) ,  in  local  coordinates.  Also,  we  denote  the 
dual  of  7(s,v)  ■> 

7(V.) :  r(x.v)  rg  -  r;g 
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in  local  coordinates, 


(7(»,*)(«.  0))  («)  =  (a,  /?)  (7(*,»)  •  «) 

=  (a,  0)  (0,  u) 

=  0(v). 

Equivalently,  7^.  ^(ct,  0)  =  0.  Now  we  define  the  map  r  :  T*(TQ)  -*  T*(TQ)  to  be 

T(x,v)  =  ■  l(x,v)'  (2.1.2) 


In  particular,  for  (a,/?)  6  T*x  V^TQ  , 

*■<*,«)  (<*>  0)  =  Tt(x. v)-1(x,v)  K  /5) 

=  Tlr(x,v)  ■  0 

=  (/?,  o). 

Thus,  we  know  that  T(x,v)  maps  any  cotangent  vector  ( covector )  to  a  horizontal  covector 
by  the  mapping 

(a,  0)  ~  (0,  0). 

Globally  r  maps  any  1-form  on  TQ  to  a  horizontal  1-form  on  TQ .  On  the  other  hand, 
we  may  define  a  map  from  the  second  tangent  bundle  to  itself 

r.  :  T{TQ)  -  T(TQ) 


as 

T*(x,v)  =  1(x,v)  '  Tl{(x,v) •  (2.1.3) 

In  local  coordinates  we  can  associate  to  each  ( u,w )  €  T(X,V)TQ , 

T*(x,t>)  («,  W)  =  7(z,v)  ’TV{x,v)  («>  w ) 

=  7(*,»)  ( u ) 

=  (0,  «)■ 
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In  other  words,  r,(Xi„)  maps  any  second  tangent  vector  to  a  vertical  tangent  vector  by 
the  map 


O,  w)  h-f  (0,  u), 

and  r,  maps  a  vector  field  on  TQ  to  a  vertical  vector  field  on  TQ . 
DEFINITION  2.1.1 

X  G  %{TQ) ,  a  vector  field  on  TQ  ,  is  a  special  vector  field  if  and  only  if 

rmX  =  Xpv. 


I 

In  local  coordinates,  assuming  X(x ,  v )  =  ( u ,  in) ,  it  says 

TmX(x,v)  =  T„( U,  W )  =  (0,  U )  =:  XPV(x ,  v)  =  (0,  1>), 

which  is  equivalent  to  the  condition  u  =  v.  We  thus  know  that  this  definition  of  special 
vector  field  is  the  same  as  saying  X  gives  rise  to  a  second-order  equation  on  Q  in  the 
sense  of  Abraham  and  Marsden  [2],  or  Tx  ■  X  ~  identity  on  TQ . 

Now,  let  L  :  TQ  — ■  IR  be  a  smooth  function  (called  Lagrangian ).  The  correspond¬ 
ing  differential  1-form 

dL  :  TQ  —  T\TQ) 

can  be  written  in  local  coordinates  as, 

dL{ x,v)  (u,  w)  =  TL(XiV)  ■  (u,  w) 

L(x  +  eu,  v  +  ew )  (2.1.4) 

£  =0 

=  D\L(x,v)-u  +  D2L(x,v)-w. 

where  (1  +  eu,  v  +  ew)  denotes  a  curve  in  TQ  generated  by  the  tangent  vector 
(u,  w )  G  T(X,V)T<3  .  Recall  that  tangent  vectors  may  be  defined  through  the  equi  valence 
classes  of  curves.  For  the  tangent  vector  ( u,w ),  the  curve  (x  +  eu,  v  +  ew)  is  thus  an 


d_ 

de 
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element  in  the  equivalent  class  of  curves  associated  with  (u,w).  In  the  following,  we 
sometimes  write 

(u,  w)  =  [  (i  +  eu,  v  +  ew)  ]. 

From  (2.1.4),  we  have  the  expression 

dL(x,v )  =  (D\L(x,  v),  D2L(x,  v))  . 

The  horizontal  1-form  Ql  on  TQ  corresponding  to  L  is  defined  to  be 

Ql  =  r-dL.  (2.1.5) 


In  local  coordinates, 


Ql(x,V )  =  T(a,tW)  •  dL(x,v ) 

=  r{x,v)  ■  (DiL(xfv),  D2L(x,v)) 

=  (D2L(x,v),  0). 

Taking  the  exterior  derivative,  we  can  associate  to  I  a  2-form  on  TQ 

Ql  :  T(TQ)  x  T(TQ)  -*•  1R 

Ql  =  —  d  Ql-  (2.1.6 a) 

If  we  write 

0 l  =  T)viL  dx\ 

then,  by  taking  exterior  differentiations  on  both  sides,  we  get 

Ql  =  -dDviL  A  dx' 

=  —(Dx,DviL  dx:  +  Dvi  DV.L  dvj)  A  dx' 

=  DxiDviLdxi  A  dxj  +  DvjDviL  dx'  A  dvj .  (2.1.6b) 

We  have  another  expression  for  the  2-form  Ql-  Letting  («i,wi),  (u2,w2)  €  T(X,V)TQ , 
we  have  the  following  formula  in  local  coordinates, 
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^l(x,v)((ui,  Wi),  (u2,  w2)) 

=  -  DQl(x,v)(ui,  wi)-(u2,  w2)  +  DQl(x,v)(u2,  w2)-(ui,  wx ) 

=  (DiD2L(x,v)  •  u2)  ■  ui  +  (D2D2L(x,v) -w2)  ■  u2 

-  (D\D2L(x,v)  •  u\)  -u2  -  (D2D2L(x,v)  •  wi)  ■  u2  (2.1.6c) 


Note  that  this  formula  is  exactly  the  same  as  the  Lagrange  2-form  u>i  in  p.211  of  [2], 
which  is  derived  from  the  canonical  symplectic  2-form  on  the  cotangent  bundle  TmQ . 
Here  we  proceed  in  a  direct  way. 

Let  T^v)  denote  the  space  of  horizontal  covectors  at  ( x ,  v )  in  TQ .  Define  the 

map 


cr  :  Tgv)  -  TIQ 

to  be,  in  local  coordinates,  for  a  £  T“Q , 

V(x,v)(a,  0)  =  a. 

Next,  we  give  the  intrinsic  form  of  Legendre  transformation  which  maps  the  velocity 
phase  space  to  the  momentum  phase  space.  The  Legendre  transformation  corresponding 
to  the  LagTangian  L  can  be  defined  as 

lL  :  TQ  — ►  T*Q 

(x,  v)  *  *■  (x,  •  &l{x,v))  , 

or,  equivalently, 

lL(x,  u)  =  (x,  D2L(x,v)) 

which  is  exactly  the  same  as  defined  through  fiber  derivatives  in  [2]. 

Assuming  now  that  £l  is  a  diffeomorphism  (or  L  is  hyperregular ),  we  have 


(2.1.7a) 


(2.1.76) 
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rLl  :  T'Q  -  TQ. 


(This  condition  implies  that,  in  local  coordinates,  D2D2L(x,v)  is  nonsingular.)  Denote 
the  space  of  A; -forms  on  a  manifold  M  as  zjk(M).  By  the  pull-back  of  If} , 

(^Z1)*  :  ™\?Q)  - 

we  can  define  a  2-form  on  T’Q  as 

=  (tl'yClL.  (2.1.8a) 

Although  fix,  is  L -dependent,  u0  defined  above  is  invariant  under  the  change  of  L .  In 
fact,  it  is  the  canonical  symplectic  2-form  on  the  cotangent  bundle  as  established  by  the 
following  lemma. 

LEMMA  2.1.2 

Letting  ( x,p )  be  local  coordinates  of  T“Q ,  we  have 

uo  =  dx  A  dp,  (2.1.86) 

which  is  the  canonical  symplectic  form  on  the  cotangent  bundle. 

Proof 

Let  («!,  Pi),  (v2,  Pi)  €  T(XiP){T’Q).  We  compute  u0  as  follows. 
u0(x,  p)((v i,  Pi),  {v2,  P2)) 

=  ((^Z1)*  p)((v  1’  01  )>  (v2,  &)) 

=  SIl  (  rLl  {x,  p))  (  Til1  (vi,  Pi),  Til1  (v2,  p2))  . 

Since  T{t f1)  =  (T^)-1 ,  assuming  ll\x,  p)  =  (z,  w),  we  have 

Tl~L\vi,  Pi)  =  (ui,  wi)  £  T(x,v)TQ 

Tll\v2,  p2)  =  («2,  ^2)  €  T{x,v)TQ- 

Then, 
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(«i,  Pi)  =  TlL{ux,  wx) 

=  [  Il(x  +  tui,  v  +  twx )  ] 

(2.1.9) 

=  [  [x  +  tui,  D2L(x  +  tui,  v  +  tw i)  )  ] 

=  (  «i,  DiDoL(x,  v)  ■  ui  +  Z>2H2.L(x,  v)  •  u>i), 

which  implies 

vx  =  ux,  fti  =  DiD2L(x,v)  •  ux  +  D2D2L(x,  v)  •  W\. 

Similarly,  we  have 

V2  =  ti2,  /?2  =  DiD2L{x,  v)  ■  u2  +  D2D2L{x,v)  ■  w2. 

Thus,  by  the  formula  of  in  (2.1.6c),  we  have 

u0(x,  p)((vx,  fa),  (v2,  p2)) 

=  Q.L(x,  v )  ((ui,  wi),  («2,  ^2)) 

=  -  {DiD2L(x,v)  ■  ux)  ■  u2  -  (D2D2L(x,  v)  •  wx)  •  u2 

+  (DiD2L(x,v)  ■  u2)  •  U[  +  (D2D2L(x,v)  ■  w2)  ■  ux 
=  P2i.u1)  -  Pi(u2) 

In  terms  of  the  wedge  product,  we  obtain  u> 0  in  the  desired  form. 

I 

From  the  above  discussions,  we  conclude  that  when  the  Legendre  transformation 
is  diffeomorphic  then  the  two  approaches,  either  from  the  cotangent  bundle  or  directly 
from  the  tangent  bundle  are  equivalent.  Moreover,  ( TmQ ,  u>o),  (TQ,  Ol)  are  both 
symplectic  manifolds.  From  them,  we  may  define  corresponding  Poisson  structures  on 
each  manifold. 

REMARK  2.1.3 

The  2-form  QL  defined  in  (2.1.6a)  is  valid  for  every  Lagrangian  L.  However,  it  is 
nondegenerate,  and  therefore  a  symplectic  structure,  only  when  L  is  regular,  or  II  is  a 
local  diffeomorphism.  For  a  singular  or  irregular  L ,  Ql  becomes  pre symplectic ,  namely 
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CIl  is  no  longer  of  maximal  rank.  Discussions  for  this  case  may  be  found  in,  e.g.  [24] 

[25]- 

I 

By  using  the  symplectic  2-form  we  can  define  a  one-to-one  correspondence 

between  the  vector  fields  and  1-forms,  II l  •  vj1(TQ)  — ►  %{TQ)  through,  for 

u  £  tzl(TQ), 

ftL(nL(w),  Y)  =  «  (  Y  ),  V  y  €  %{TQ).  (2.1.10) 

In  terms  of  the  inverse  of  II l  ,  the  expression  is 


Gl(  x,  Y)  =  Tll\X)  (Y),  Vy€3£(TQ), 


or 

Ul\X)  (•)  =  fii  (  X,  •). 


LEMMA  2.1.4 

Ul  maps  horizontal  1-forms  to  vertical  vector  fields. 

Proof 

We  prove  the  result  using  local  coordinates,  and  leave  reader  to  find  the  invariant 
proof  [69].  Let  u(x,v )  =  (a,Q).  Assume  that 

IIl(w)(s,w)  =  (u,  to), 

where  u,  w  £  TXQ .  From  (2. 1.6c), (2. 1.10),  we  have  the  following 
{D\DiL(x,  v)  •  Yi)  •  u  +  (D2D2L(x,v)  -Y2)  •  u 

-  (DiD2L(x,  v)  •  u)  ■  Yi  -  (D2D2L(x,  v)  •  w)  ■  Y2  =  (a,  Yi), 
for  all  Yi ,  Y2  £  TXQ .  Setting  Yi  =  0 ,  we  get 

(D2D2L(x,v)-Y2)-u  =  0,  V  Y2  £  TXQ, 

which  implies  that  u  must  be  zero,  and  thus  Il2,(w)  is  a  vertical  vector  field. 

I 
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Now  we  define  the  energy  function  on  TQ  ,  Hi  :  TQ  — ►  ]R,  as 

H L  =  dL(Xpv)  -  L.  (2.1.11a) 

In  local  coordinates, 

Hl(x,  v)  =  dL(x,  v )  (0,v)  -  L(x,  v ) 

=  D2L(x,v)  •  v  —  L(x,  v )  (2.1.116) 

=  £l(x,v)  ■  v  -  L(x,  v ) 

which  is  exactly  the  same  notion  as  the  energy  defined  in  p.213  in  [2].  The  function 
dL(Xpv )  is  called  the  action  corresponding  to  L  in  [2].  From  the  energy  function  Hi 
on  the  velocity  space,  we  may  define  a  function  on  the  momentum  phase  space  as 

H  :  T’Q  ->  3EL, 

H  =  Hl  oil1. 

This  hamiltonian  system  (T*Q,u>o,H)  is  the  customary  object  of  study  in  hamiltonian 
mechanics. 

The  Lagrangian  vector  field  determined  by  L  is  defined  as, 

XHl  =  nL(  dHh  ),  (2.1.12a) 


or,  equivalently, 

SIl(XHl,  Z )  =  dHL(  Z  )  V  Z  e  %{TQ).  (2.1.126) 

In  local  coordinates,  the  matrix  form  of  (2.1.12b)  is 

xtHl  [flL]  z  =  vhlt  z. 

Thus  we  may  write  the  Lagrangian  vector  field  as; 

Xhl  =  {[Shr'fxHi.  (2.1.12c) 

In  the  language  of  Poisson  structures,  Xhl  is  the  Hamiltonian  vector  field  corresponding 
to  the  Hamiltonian  HL,  and  thus  HL  is  a  first  integral  (conserved  quantity)  along  the 
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vector  field  Xhl  •  We  say  that  we  can  define  consistent  equations  of  motion  if  such  an 
X 'hl  exists. 

LEMMA  2.1.5 

XffL  is  a  special  vector  field. 

Proof 

Let  Xhl(x ,  v )  =  (u:L,  uq).  By  definition  (2.1.12b),  for  all  (u2,  w2)  £  T(x,v)TQ , 

v )  ((uj,  itq),  (u2,  w2))  =  dffL(x,v)  (u2,w2) 

The  RHS  (Right  Hand  Side)  of  the  above  equation  can  be  written  as 

dHL(x,  v)  (u2,  w2) 

=  [  Hl( x  +  eu2,  v  +  ew2)  ] 

=  [  D2L(x  +  eu2,  v  +  ew2)-(v  +  ew2)  -  L(x  +  eu2,  v  +  eiu2)  ] 

=  (DiD2L(x,  v)  ■  u2)  ■  v  +  (D2D2L(x,v)  •  w2)  •  v  —  D\L(x,v)-u2. 

By  comparing  this  with  (2.1.6c),  it  can  be  seen  that,  for  u2  =  0, 

(D2D2L(x,  v)  •  w2)  ■  u\  =  (D2D2L(x,  v)  ■  w2)  •  v,  Vw2eTxQ, 
which  implies  U\  =  v .  Thus,  Xjjl  is  special. 

I 

Now,  we  are  ready  to  describe  the  Lagrange-d’Alembert  principle.  First,  we  note 
that  for  a  mechanical  system,  virtual  displacements  could  be  thought  as  special  vector 
fields  on  TQ ,  and  forces  could  be  modeled  as  horizontal  1-forms  on  TQ .  This  will  be 
discussed  further  in  the  following  chapters. 

DEFINITION  2.1.6 

For  a  Lagrangian  L .  the  associated  Lagrangian  force  on  a  virtual  displacement 
X  ,  Fl(X),  is  defined  through 
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FL(X)(Y)  =  nL(x,Y)  -  dEL(Y),  v  y  e  %(TQ) 


(2.1.13) 


I 

The  Lagrangian  force  Fl(X)  is  a  1-form  on  TQ .  For  it  to  be  a  well-defined  force ,  we 
need  the  following  lemma. 

LEMMA  2.1.7 

Fl(X)  is  a  horizontal  1-form  on  TQ . 

Proof 

Since  X  is  a  special  vector  field  (the  same  notion  as  a  virtual  displacement),  it 
can  be  written  as 


X(z,  u)  =  (w,  w),  where  w  £  TXQ. 

Letting  (u2,w2)  6  T(XtV)TQ ,  we  have,  from  (2.1.13), 

FL(X)(x,  v)(u2,w2 ) 

=  v)((v,  w ),  (u2,  w2))  -  dHL(x,  v)(u2,  w2) 

=  (DiD2L(x,  v)  •  u2)  ■  v  +  {D2D2L(x,  v)  •  w2)  •  v 

—  ( D\D2L{x ,  v)  ■  v)  •  u2  —  (D2D2.L(x,  v)  •  w)  •  u2 

—  (DiD2L(x,v)  •  u2)  •  v  —  (D2D2.L(x,v)  •  w2)  ■  v  +  D\L(x,v)  ■  u2 
=  -  {D\D2L(x,  v)-v)  -u2  -  (D2D2L(x,  v)-  w)  ■  u2 

+  DiL(x,v)  •  u2 . 

For  arbitrary  vertical  vector  field  Y ,  u2  =  0,  and  hence  Fl(X)  (Y)  =  0.  Thus  the 
1-form  Fl(X)  is  horizontal  and  has  the  expression,  with  A'(x,u)  =  (u,u?), 

Fl(X)(x,v)  (u,  w2)  =  {-D\D2L(x,v)  •  v  -  D2D2L(x,  v)  •  w  +  D\l(x,v)  )  •  u. 


I 
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REMARK  2.1.8 


Definition  2.1.6  holds  even  for  L  singular,  cf.  Remark  2.1.3.  If  A  is  hyperregular 
where  the  Legendre  transformation  is  invertible,  we  may  write,  cf.  (2.1.10), 

fl(x)  =  n^pr)  -  dnL. 

This  is  the  definition  used  in  [69]  for  the  Lagrangian  force. 

I 

We  are  ready  to  state  the  following  principle. 

LAGRANGE  D’ALEMBERT  PRINCIPLE  2.1.9 

For  a  holonomic  mechanical  system,  on  the  virtual  displacement  (special  vector 
field)  that  determines  the  real  trajectory  of  motion,  the  sum  of  the  Lagrangian  force  and 
the  exterior  force  is  0. 

I 

In  classical  mechanics,  the  Lagrangian  force  consists  of  resultant  force  of  inertia 
and  forces  coming  from  the  potential  energy.  Thus  the  principle  here  corresponds  to 
the  classical  d’Alembert  principle,  see  e.g.  [39].  As  discussed  in  [39],  the  fundamental 
entity  in  analytical  mechanics  is  the  virtual  work,  instead  of  the  classical  notion  of  force. 
Here  we  unify  the  notion  in  terms  of  horizontal  1-form,  where  the  classical  forces  are 
represented  by  the  coordinates  of  this  1-form. 


Let  U  be  an  exterior  force  or  a  horizontal  1-form.  Principle  2.1.9  says  that 

Fl(X)  +  u  =  0,  (2.1.14) 

where  A  is  a  special  vector  field.  The  trajectories  of  motion  of  the  mechanical  system 
with  Lagrangian  L  follow  the  flows  of  this  vector  field.  In  the  absence  of  any  exterior 
force  and  L  being  regular,  from  (2.1.13),  we  may  write 

Ul(X,Y)  =  dHL(Y),  V  Y  €  X(TQ), 

which,  by  definition  of  Xhl  ,  says  that 
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X  =  X„L, 


i.e.  the  Lagrangian  vector  field  gives  the  real  trajectories  of  motion. 

Now  we  state  the  Principle  2.1.9  in  local  coordinates.  In  local  coordinates, 

Fl(X)  ( x ,  v)  +  u(x,  v )  =  0. 

Letting  u  =  (a,  0) ,  X(x,  u)  =  (v,  w) ,  we  have 

DiD^L^x,  v)  ■  v  —  D2DiL{x,  v)  •  w  +  D\L(x,  v)^  •  u  +  a  ■  u  =  0,  V  u  G  Tx 


Q. 


By  including  time  derivatives  as  v  =  x ,  w  =  v ,  we  get 
d 


dt 


D2L(x,v)-u  =  D\L{x,v)-u  +  a  •  u,  Vu£TxQ. 


(2.1.15) 


Integrating  both  sides  with  respect  to  the  variable  t,  the  equation  can  be  rewritten  as 
T  ,t  ,r 

D2L(x,v)-u  -  /  D2L(x,  v)  ■  ut  dt  —  /  (D\L(x,v)'U  +  a-u)dt. 

o  Jo  Jo 

This  corresponds  to  the  Principle  of  Virtual  Power  in  analytical  mechanics,  cf.  e.g.  [73]. 
The  tangent  vector  u  is  sometimes  called  test  function.  In  the  case  that  the  pciiring  is 
nondegenerate,  for  example,  in  the  finite  dimensional  case,  we  can  write  (2.1.15)  as 


—  D2L(x,v)  =  DiL(x,v)  +  a, 
at 


(2.1.16) 


which  is  the  classical  form  of  the  Euler- Lagrange  equation.  Here  the  operators  D 1 ,  D2 
denote  the  partial  derivatives  of  L  with  respect  to  configuration  and  velocity  variables 
respectively. 


2.2.  On  the  Special  Orthogonal  Group  50(3) 

Now  we  apply  the  Lagrange-d’Alembert  Principle  2.1.9  to  problems  with  the 
Special  Orthogonal  Group  50(3)  as  configuration  space  and  find  the  corresponding 
equations  of  motion.  Recall  that  each  element  A  in  50(3)  is  an  element  in  GL( 3), 
the  group  of  all  3x3  nonsingular  matrices,  which  satisfies  the  condition  Ar A  —  I 
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and  det(A)  =  1.  Due  to  the  constraints,  the  classical  Euler- Lagrange  Equation  in  local 


coordinates  is  not  directly  applicable.  For  the  modeling  problems  regarding  coupled  rigid 
bodies,  see  e.g.  [76]. 


Let  the  operator  ~  denote  the  natural  isomorphism  from  1R3  to  so(3) ,  the  space 


of  3  x  3  skew-symmetric  matrices,  defined  by 


(2.2.1) 


The  following  identities  satisfied  by  this  operator  can  be  checked  by  direct  computation. 
With  a,  6,  c  €  1R3  , 


a  b  =  a  x  b.  (2.2.2 a) 

[a,  S]  =  ab-b  a  =  ax  b.  (2.2.26) 

A  a  At  =  Ta,  for  A  €  50(3).  (2.2.2c) 

tr(a~bc )  =  -(ax6)-c.  (2. 2. 2d) 

tr(a  M  aT )  =  a  ■  M°  a,  (2.2.2e) 


where,  for 


Mu 

M12 

Mi  3 

M  = 

M2i 

M22 

M23 

\M3i 

M32 

M33 

we  have 

(M22  +  M33  —M\2  —M\3  \ 

—M21  Mu  +  M33  —M23  1 

—M31  —M32  Mu  +  M22 ) 

Moreover,  in  order  to  have 

tr(a  M  bT )  =  a  ■  M°  6, 


(2.2.2/) 


the  matrix  M  needs  to  be  symmetric.  Here  tr(-)  denotes  the  trace  of  a  matrix.  These 
formula  will  be  used  later  in  calculations  related  to  skew  symmetric  matrices. 

Given  A  €  50(3),  recall  that  (A,  AD)  characterizes  elements  in  TSO{ 3).  In 
mechanics,  the  variable  D  corresponds  to  the  instantaneous  angular  velocity  of  the 
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motion  in  body  coordinates.  To  get  a  representation  of  the  elements  in  the  second  tangent 
bundle  TTSO( 3),  we  make  the  following  observation.  See  [7]  for  relevant  discussions. 

jtA(l  =  ACl  +  Atl  =  A(ftft  +  6). 

Thus  the  special  second  tangent  vectors  must  be  of  the  form 

(A,  Aft,  Ah,  A(ftft  +  ft))  . 

In  general,  let  (Au,  W)  G  AfyTSO( 3) .  In  order  to  have  this  vector  generate  a  curve 

(Ae£<\Ae£5(ft  +  eu>))  €  TSO(3) 

which  passes  through  (A,  Aft)  when  e  =  0,  we  must  have 

Ae£u(ft  +  eth)  =  A(uft  +  w). 
t  =0 

Consequently,  any  element  in  TTSO( 3)  can  be  written  as 

(A,  Aft,  Au,  A(uft  +  t&))  .  (2.2.3) 

Next  we  look  for  a  canonical  representation  for  an  element  in  T’TSO{2 ) ,  the  dual  space 
to  the  second  tangent  bundle.  First,  recall  that  the  trace  pairing  in  GL(n ) 

(A,  B)  =  \tr(ATB).  (2.2.4) 

This  provides  us  with  a  standard  way  to  define  elements  in  T*50( 3),  i.e.  we  could  let 
Aa  €  T*aSO{ 3) ,  and 

(Aa,Au)  =  ^tr(aTATAu)  =  a  ■  u,  (2.2.5) 

where  a-u  denotes  the  Euclidean  inner  product.  This  is  the  negative  of  the  Killing  form 
on  the  Lie  Group  50(3)  [35].  Let  u(A,  Aft)  =  (a,/3)  €  T“A  A^TSO( 3).  We  have 

lj(A,  Aft)  (Au,  A(uCl  +  to))  =  itr(aTAu)  +  itr(/T  A(uft  +  w)). 

In  order  to  have  a,  b  G  1R3 ,  such  that 

w(A,Aft)  (Au,  A(utl  +  u>))  =  a-u  +  b-w, 
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we  ask 

a  —  A(bCl  +  a) 
fi  =  Ab. 

Thus  we  obtain  the  representation  for  elements  in  T’TSO( 3)  as  follows, 

(A,  ACl,  A(bCl  +  a),  Abj  .  (2.2.6) 

The  above  discussions  are  based  on  the  representation  (A,  AQ)  for  elements  in 
T50( 3),  where  Q  is  in  body  coordinate.  We  could  work  out  similar  formulations  bases 
on  the  representation  (A,OA),  where  u  is  the  instantaneous  angular  velocity  in  spatial 
coordinate.  We  have  the  relationship  u  =  Afl . 

We  remark  here  that  these  are  the  parametrizations  of  TTSO{ 3)  and  T""T50( 3) 
which  are  globally  defined  via  the  embedding  of  50(3)  in  GL( 3).  Our  goal  has  been 
to  make  the  pairing  analogous  to  the  Euclidean  space.  These  global  representations 
(2.2.3),  (2.2.6)  of  the  second  tangent  bundle  and  the  dual  of  the  second  tangent  bundle 
on  50(3)  also  prove  to  be  useful  in  finding  the  derivatives  or  variations  of  a  function 
(Lagrangian)  on  T50(3)  and  in  deriving  the  reduced  Poisson  bracket.  These  issues 
will  be  discussed  in  the  following  chapters  in  greater  detail.  In  the  following,  we  state 
the  Lagrange-d’Alembert  Principle  in  terms  of  these  representations.  For  simplicity,  we 
restrict  ourselves  for  the  moment  to  problems  with  configuration  space  50(3).  We  now 
show  how  to  derive  the  dynamical  equations  of  motion  on  that  space. 

Following  an  argument  similar  to  the  one  used  in  deriving  the  classical  Euler- 
Lagrange  equation  in  local  coordinates  as  in  Section  2.1,  we  notice  that  all  the  definitions 
and  identities  corresponding  to  the  local  coordinates  also  hold  here.  We  have  the 
following  theorem. 

THEOREM  2.2.1 

On  T50(3),  let  a  system  be  described  by  a  Lagrangian  L.  The 
d’Alembert  Principle  in  the  invariant  form  (2.1.14)  applied  to  the  motions 
gives  us  the  Euler- Lagrange  equation, 

(~  D2L{A ,  Ail),  An )  =  {DiL(A,  AQ),  Au)  +  (a,  Au), 
dt 

V  Au  G  TaSO{ 3). 


Lagrange- 
on  50(3) 

(2.2.7) 
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where  a  is  the  exterior  force.  (Here  D\ ,  D 2  are  the  usual  partial  Frechet  differentials.) 
Proof 

Based  on  an  argument  similar  to  the  one  in  Section  2.1,  we  have  the  following 
formulae.  The  key  observation  here  is  that  with  the  representations  (2.2.3)  and  (2.2.6), 
the  space  of  vertical  tangent  vectors  is  isomorphic  to  the  fibers  in  T50(3) .  In  particular, 
vertical  vector  fields  could  be  written  as 

(0,Au>),  Aw£TaSO(3), 

and  the  horizontal  1-forms  as 

(Ad,  0),  Aa£TZSO( 3). 

The  corresponding  mappings  7,  r,  r,  are  well  defined  as,  cf.  (2.1.1),  (2.1.2),  (2.1.3), 

7(A,  AO)'AiL  = 

T(A,AU)(A(b^  +  a),Ab)  =  (A6,0), 

r*(A,An)(^’  A(uCl  +  «0)  =  (0,  Au). 

A  special  vector  field  takes  the  form 

X(A,  A(l)  =  {Ah,A{&n  +  w)). 

The  differential  form  of  the  Lagrangian  on  TSO( 3)  can  be  written  as 
dL(A ,  Afl)  (Au,  A(uCl  4-  w) 

=  [  L(  Aetil,  Aetil(Cl  +  tw)  ' 

=  (  (DlL(A,  Afl),  D2L(A ,  Aft)),  (Au,  A(uCl  +  w))  ). 

The  1-form  defined  in  (2.1.5)  is  now 

eL  =  r-dL  =  (D2L(A,  Aft),  0). 

With  proper  interpretations  of  the  pairing,  the  derivations  in  Sec.  2.1  give  us  the  form 
of  the  Euler-Lagrange’s  equation  (2.2.7)  for  a  motion  on  50(3). 

I 
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Now  we  ascribe  meanings  to  the  proper  interpretations  via  the  following  example. 


EXAMPLE  2.2.2 

Consider  the  motion  of  a  free  rigid  body  in  space.  The  configuration  space  is 
50(3).  Let  (A,  AQ)  be  an  element  in  T50(3)  with  the  physical  interpretation  that  A 
represents  the  attitude  of  the  body  and  Q  is  the  instantaneous  angular  velocity  in  body 
coordinates.  The  Lagrangian  of  the  system  can  be  written  as 

Z(A,  ACl)  =  (2.2.8) 

where  I  is  the  moment  of  inertia  of  the  rigid  body.  Now  we  find  the  differential  of  L 
in  the  form  of  (2.2.6).  Let  (U,  W)  6  T^A  A^TSO( 3),  which  could  be  written  as,  cf. 
(2.2.3), 

(Au,  A(ufl  +  tu)), 

where  u,  w  e  1R3.  It  generates  a  curve  in  T50(3)  given  by 

(Ae£“,  Ae£i(6  +  euO). 


Hence  we  have,  from  (2.2.8), 


dL(A,  AQ)(U,  W) 
d_ 
de 


i(Ae£“,  Ae£i(fi  +  eti>)) 


£=0 


_  d_ 

~  u=o 

=  w  ■  in. 


(n  +  ew)T  i(n  +  ew) 


The  canonical  form  for  dL(A,  Afl)  is  ^A(6f2  +  a),  Abj  ,  cf.  (2.2.6),  and 

dL(A,  AQ)(U,  W)  =  a-u  +  b  ■  w. 


Thus  b  =  10  and  we  obtain 

DXL(A,  Aft)  =  Ainft, 
d2l{a,  Aft)  =  Ain. 

By  taking  the  time  derivative  of  D2L,  we  get 
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4-  d2l(a,  Ail)  =  Am  +  Am  =  A(iim  +  m). 

at 

From  Theorem  2.2.1, 

(A(Cim  +  IQ),  Au)  =  { Amil ,  Au ),  VAtie  TaSO(S), 
or 

{A(m  +  iim  -  mil ),  Au)  =  o,  v  Au  e  taso(3), 

which  implies 

<A(Ifi  +  Q  x  ISl)~,  Au)  =  0,  V  Au  g  TaSO{ 3), 


or 

(IQ  +  Q,  x  m)  •  u  =  0,  V  u  e  R3. 

Since  the  Euclidean  inner  product  is  nondegenerate,  we  conclude, 

IQ  =  -  Six  IQ,  (2.2.9) 

which  is  exactly  the  Euler’s  equation  for  rigid  body.  Accompanied  with  the  attitude 
equation, 

A  =  A  ii, 

the  dynamical  equations  of  a  free  rigid  body  are  obtained. 

I 

In  the  following  chapters,  we  will  use  the  procedure  of  this  section  as  a  model  for 
working  out  the  dynamics  of  more  complicated  problems.  We  remark  that,  under  this 
framework,  we  may  mix  the  local  coordinate  on  some  manifold  and  the  parametrizations 
for  50(3)  in  deriving  the  equations  of  motion.  This  is  very  helpful  when  we  are  dealing 
with  systems  which  have  a  mixed  configuration  space  (e.g.  Cartesian  products  of  a  Lie 
group  and  a  smooth  manifold). 
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CHAPTER  III 


Gyroscopic  Systems  with  Symmetry 


In  this  chapter,  we  discuss  a  general  framework  for  gyroscopic  systems  with 
symmetry,  which  include  the  simple  mechanical  systems  with  symmetry  in  the  sense 
of  Smale  [64]  as  a  special  case.  A  variational  principle  which  characterizes  the  relative 
equilibria  is  derived  and  applied  to  a  particular  example,  namely,  a  mechanical  system 
consisting  of  two  rigid  bodies  connected  by  a  ball-in-socket  joint. 

3.1.  Preliminaries 

In  this  section,  we  introduce  a  few  notions  in  the  theory  of  riemannian  manifolds, 
Lie  groups,  and  reduction  which  will  be  used  frequently  in  subsequent  discussions  in  this 
dissertation.  Let  (Q,  <C  •,•  >)  be  a  riemannian  manifold  with  the  riemannian  metric 
<C  •  We  sometimes  write 


K(x)(vx,  wx)  =  <C  vx,  wx  »*,  (3.1.1) 

for  x  G  Q ,  and  vx,  wx  G  TXQ .  This  Riemannian  metric  induces  a  vector  bundle 
isomorphism 

Kb  :  TQ  —  T'Q, 


defined  by 

(Kb(vx),  wx)x  =  <  vx,  wx  »r,  for  all  vx ,  wx  G  TXQ ,  (3.1.2) 

where  (-,•)*  denotes  the  pairing  between  elements  in  TXQ  and  TXQ .  By  the  Riesz 
Representation  Theorem,  this  isomorphism  is  well  defined  and  we  may  write 

K*  =  (Ifb)-X  :  T'Q  -+  TQ, 
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which  is  also  a  fiber-preserving  mapping.  We  have  the  following  relation.  For  ax  £  T'Q , 

(or,  wx)x  =  <C  K 11  •  ax,  tnx  >x,  for  wx  £  TQ.  (3.1.3) 

The  mappings  Jvb,  A"11  are  both  linear  in  their  argument.  Using  the  isomorphism  iO , 
we  define  an  inner  product  on  T'Q  as 

<  ax,  (3X  >t~q  =  <CA'8-ax,  A's-/?x>x,  (3.1.4) 

for  ax,  /3X  €  T*Q .  Let  G  be  a  Lie  group,  $  :  G  X  <Q  — ►  Q  be  a  group  action  of  G  on 
the  manifold  Q .  We  shall  use  the  notations  $(g,  x )  =  $ g(x)  =  g  ■  x  interchangeably  to 
denote  this  action.  We  define  the  associated  actions  on  TQ ,  T'Q  in  the  following  way. 
The  tangent  lift  $T  associated  with  $  is  defined  as  =  T4>5  :  TQ  — ►  TQ,  or,  in 
local  coordinates, 

v )  =  ($5(x),  Tx$5  •  v). 

The  cotangent  lift  $T*  associated  with  $  on  the  cotangent  bundle  T'Q  is  defined  as 

$T'  :  G  x  T'Q  -+  T'Q, 

where  T*$g-i  is  the  dual  of  T4>g-i .  In  local  coordinates,  we  have 

(x,  a),  ( g-x ,  u))5.x  =  (a,  Tg.x$3-i  •  u)x.  (3.1.5) 

The  cotangent  lift  just  defined  is  exactly  the  same  notion  as  the  lifted  action  in  [2].  The 
former  terminology  is  adopted  here  to  indicate  the  space  it  acts  on.  It  is  easy  to  show 
that  the  tangent  lift  and  cotangent  lift  are  both  well-defined  actions  on  the  spaces  TQ 
and  T'Q  respectively. 

Now  we  review  a  few  notions  in  the  theory  of  Lie  groups  and  reduction,  cf.  [2]. 
Let  the  Lie  algebra  of  a  Lie  group  G  be  denoted  by  Q ,  with  its  dual  Q ' .  Recall  that 
the  Lie  algebra  Q  is  identified  as  the  tangent  space  to  G  at  the  identity  element  e  or, 
equivalently,  the  set  of  left  invariant  vector  fields  on  G ,  cf.  also  [49].  Given  £  £  Q ,  for  a 
group  action  on  a  manifold  Q ,  we  define 

£«(*)  =  £  «.*P.f(*)  €  TXQ,  (3.1.6) 

ae  e  =0 
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the  infinitesimal  generator  of  the  action  corresponding  to  £ .  Group  G  acts  on  Q  through 
the  adjoint  action 


Ad  :  g  x  g  ->  g 


(3.1.7) 

(j.O  Te(Rg-i  O  Lg )£  =  Adgt, 

where  Lg ,  Rg  denote  the  left  and  right  translation  of  a  group  element  by  g  6  G, 
respectively.  The  map  g  Adg  is  also  called  the  adjoint  representation  of  G  in  Q .  The 
infinitesimal  generator  of  this  adjoint  action 


&(v) 


d_ 

de 


Adexp 

6=0 


can  be  shown  to  be  equal  to  the  Lie  bracket  of  £  and  77,  namely, 

Zeiv)  =  [  V  ]  =  adtf.  (3.1.8) 


The  group  G  also  acts  on  the  dual  of  the  Lie  algebra  G*  through  the  coadjoint  action 

Ad*  :  G  x  G*  —  G\ 


(  9,  P  )  Ad* 


which  is  defined  by, 


(Ad*p,  f  )  =  (p,  Adg 0, 


(3.1.9) 


where  (•,•)  denotes  the  duality  pairing  on  Q*  X  {7.  The  corresponding  infinitesimal 
generator,  £0-  can  be  shown  to  be 

&-(a0  =  -OvK,  *?]>  =;  -  <«*!**,  *7),  (3.1.10) 


for  all  77  G  £ .  We  have  the  identity, 

(ad^,  77)  =  (/x,  ad^rj).  (3.1.11) 

Here,  since  £  and  are  both  vector  spaces,  their  tangent  spaces  are  isomorphic  to 
themselves.  With  the  above  construction,  group  G  acts  on  Q  and  Q*  through  the 
actions  $  and  Ad*  respectively.  A  map  J  :  Q  —•  G“  is  called  Ad*  -equivariant  if 

J  0  =  Ad*..  1  0  J. 
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For  p  £  G* ,  we  define  the  isotropy  subgroup  associated  with  it  by 


=  {  g  £  G  :  Admgp  =  p  }, 


with  its  Lie  algebra 


On  -  {  1  £  G  :  ad’p  =  0  }, 


(3.1.12) 


(3.1.13) 


which  is  a  subalgebra  of  G  ■ 

Next  we  introduce  the  notion  of  invariance.  We  say  that  a  riemannian  metric  is 
G-invariant  if  it  is  invariant  under  the  pull  back  of  the  mapping  §g,  i.e.  for  all  g  £  G , 
4>*  •  K  =  K ,  or  in  local  coordinates, 

K(x){ v,  w )  =  K(g  •  x)(Tx$g  ■  v,  Tx$g  -w),  V  geG,  v,  w£  TXQ.  (3.1.14) 

It  follows  that  the  inner  product  on  T*Q  defined  in  (3.1.4)  is  invariant  under  the 
cotangent  lift,  namely, 

<  ax,  (3X  >t-q  =  <  <*x,  >t*q,  (3.1.15) 

for  all  g  £  G .  This  can  be  shown  by  using  the  identities, 

K*  ■  •  ax  =  Tx$g  •  K #  •  ax,  for  a,  €  T*Q,  (3.1.16a) 

K*  •  Tx$g  ■  wx  =  •  /vb  •  wx,  iovwx£TQ,  (3.1.166) 

which  follow  easily  from  (3.1.2),  (3.1.3),  and  (3.1.14).  A  smooth  function  V  :  Q  — ►  1R  is 
a  G-invariant  function  on  the  manifold  if,  for  all  g  £  G , 

V($g(x))  =  V(x).  (3.1.17) 

Let  Y  be  a  vector  field  on  Q .  We  say  that  Y  is  a  G-invariant  vector  field  if  for  all 
g£G,  (Qg).Y  =  Y ,  or 

Y(x)  =  T$g  ■  Y(g~1  •  i),  for  x  £  Q,  g  £  G.  (3.1.18) 

Recall  that  a  differential  operator  on  the  full  tensor  algebra  can  be  defined  from 
its  restrictions  on  functions  and  vector  fields  through  the  Willmore  Theorem  [74]. 
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Accordingly,  the  Lie  derivative  of  a  vector  field  on  the  tensor  algebra  can  be  found  from 
its  Lie  derivative  on  functions  (directional  derivative)  and  Lie  derivative  on  vector  fields 
(Lie  bracket).  The  following  lemmas  are  essential  to  the  developments  in  Chapter  5. 

LEMMA  3.1.1 

For  7 1  &  G ,  the  Lie  derivatives 


LVq  Y  =  0,  (3.1.19) 

LVq  K  =  0.  (3.1.20) 


Proof 

Both  Y  and  I{  are  tensors  on  Q .  For  a  general  tensor  t  on  Q ,  we  have  the 
following  identity,  cf.  p.  90  in  [2].  for  a  vector  field  X  £  %(Q), 

Lx t(x)  =  Urn  ~((F*  )*t  (x)  -  t(x)Y  (3.1.21) 

€-+0  e  \  J 

where  Fx  is  the  flow  on  Q  associated  with  X .  By  choosing  X  —  t]q  ,  the  infinitesimal 
generator  corresponding  to  rj ,  we  have 

(F;x  )*Y  =  ($exp_€n),y,  (Ffxyi{  =  ($exp6,rx. 

Th  lemma  follows  then  from.  (3.1.14),  (3.1.18),  and  (3.1.21). 

1 

Moreover,  for  two  vector  fields  X\,  X2  G  %(Q) ,  we  have  the  following  important 
property. 

LEMMA  3.1.2 

For  77  G  Q ,  we  have 

Lvq  <  Xi,  X2  ^ x  —  <  LVq  Xi,  Xo  Xi,  LVq  X 2  ^>x  ■  (3.1.22) 


Proof 

Here,  <C  Xi ,  X2  should  be  thought;  as  a  function  on  the  manifold  Q .  The 
LHS  in  (3.1.22)  is  thus  the  Lie  derivative  of  a  function  with  respect  to  a  vector  field. 
Recall  that  a  differential  operator  D  on  the  full  tensor  algebra  X(Q)  has  the  following 
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property,  cf.  [2],  p.  88.  Letting  t  G  7rs{Q) ,  au  ■  ■  • ,  ar  G  ^(Q) ,  Xit  ■  ■  ■ , Xs  G  %(Q), 
we  have 

D  (t(tt! ,  •  •  • ,  ar,  Xi,  •  •  • ,  X,))  =  (Dt)(ax ,  •  •  • ,  ar,  Xlt  ■  ■  ■ ,  X») 

r 

4"  ^  '  ^(*^1  ?  *  '  *  1  D(Xj ,  *  •  • ,  CLr ,  Xl,  '  *  • ,  JC s ) 

3  =  1 
r 

"h  ^  t^in^ ,  *  *  • ,  o:r ,  X^ ,  *  *  • ,  Z)Xj ,  ■  •  * ,  Xs) . 

3= 1 

(3.1.23) 

The  Lie  derivative  is  a  well-defined  differential  operator.  By  replacing  D  by  LVQ  , 
replacing  t  by  K  in  (3.1.23),  and  using  Lemma  3.1.1,  the  desired  identity  is  obtained. 
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3.2.  System  Description 

With  the  notions  introduced  in  the  previous  section,  we  are  ready  to  define 
gyroscopic  systems  with  symmetry. 

DEFINITION  3.2.1 

A  Gyroscopic  System  with  Symmetry  is  a  5-tuple,  (Q,  K,  Y,  V,  G ),  where 

(1)  (Q,K)  is  a  Riemannian  manifold. 

(2)  Y  is  a  vector  field  on  Q  ,  which  is  called  a  gyroscopic  field. 

(3)  V  is  a  function  on  Q  ,  which  is  called  a  potential. 

(4)  G  is  a  Lie  group  with  an  action  on  Q ,  which  leaves  K ,  Y ,  V  invariant  and  is 
called  the  symmetry  group. 

(5)  Within  the  framework  of  lagrangian  mechanics  (cf.  Chapter  2),  the  system  is 
characterized  by  a  Lagrangian  L  :  TQ  — ►  IEt  in  the  form  of 

L(vx)  =  vx)  +  K(x)(vx,  Y(a:))  -  V(x).  (3.2.1) 

I 

The  name  “gyroscopic”  comes  from  the  second  term  in  the  Lagrangian  (3.2.1), 
which  includes  the  gyroscopic  field  Y .  This  term  is  linear  in  the  velocity  variables  and 
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is  responsible  for  the  paradoxical  behavior  of  gyroscopes.  The  Coriolis  force  in  a  rotating 
reference  system  and  the  magnetic  force  due  to  electric  currents  are  examples  of  the  effect 
of  gyroscopic  terms  in  the  Lagrangian  function.  To  see  how  the  gyroscopic  term  enters 
the  dynamical  equations,  we  restrict  our  attention  for  the  moment  to  a  gyroscopic  system 
(without  symmetry  consideration)  on  lRn  described  by  the  Lagrangian 

L(x,  v )  =  ^vtM(x)v  +  vtY(x)  -  V(x),  (3.2.2) 

where  M(x)  is  a  symmetric  positive-definite  second-order  tensor,  vectors  x ,  v(—  x )  are 
in  lRn ,  Y  is  a  map  from  1R"  to  JRn ,  and  V  is  a  real- valued  function.  This  is  a  gyroscopic 
system  in  the  sense  of  Definition  3.2.1  with 

K{ x)(v,  v)  =  vtM(x)v,  and  Y(x)  =  M(x)-1y(x). 


Abstractly,  Y  should  be  regarded  as  a  1-form  in  T“Q . 

To  obtain  the  dynamical  equations  associated  with  the  Lagrangian  in  (3.2.2),  we 
invoke  the  classical  Euler- Lagrange  equations,  cf.  (2.1.16).  First,  we  find 

^  =  M(x)-v  +  Y(x). 


By  taking  time  derivatives,  we  get 

d  dL  ...  .  . 

did, 7  =  + 


fdM 
I  dx 


(x)  •  v  \  •  V 


+ 


a? 

dx 


(x)  •  V, 


where  dM/dx  is  a  third-order  tensor,  and  dY/dx  is  a  second-order  tensor.  Recall  the 
definition  of  third-order  tensors  through  triads, 

(abc)  •  w  =  ab(c-w), 

(abc)  :  (uv)  =  a(b-u)(c-v), 

where  “  •  ”  between  vectors  denotes  some  scalar  product  on  lRn .  Here,  and  in  what 
follows,  a,  b,  c,  u,  v,  w  denote  vectors  in  ]Rn.  We  have  the  identity,  for  a  third-order 
tensor  T, 


T  :  (uv)  =  (T  •  v)  •  u. 


With  these  notations  in  Tensor  Algebra,  see,  e.g.  [4],  we  may  write 
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(3.2.3) 


ddL  yrt  .  .  dM ,  .  &Y,  . 

__  =  M(x)  ■  v  +  j^(x):vv  +  ~(x).v. 


Next  we  find  the  partial  derivative  of  L  with  respect  to  x  as  follows.  By  definition, 

vT  M(x  -f  fw)t, 


-j~-(vT M(x)v)  ■  w  =  ~ 
ox  de 


t=  o 


M(x  +  e  w)  :  (vv)  =  ^^^-(x)-w^J  :  (vv) 


d_ 
de 

We  need  the  following  lemma. 

LEMMA  3.2.2 

Let  T  be  a  third-order  tensor,  we  have  the  identity 

(T-w)  :  (uv)  =  (T*:(uv))-w,  V  u,v,w, 

where  T*  is  a  third-order  tensor  defined  by 


T*-u-v-w  =  T-w-u-v,  V  u,v,w, 


and  is  called  the  cyclic  transpose  of  T . 

Proof 

Since  the  triads  form  a  basis  for  the  space  of  third-order  tensors,  we  only  need  to 
prove  the  lemma  for  triads.  By  definition,  we  have 

((abc)  •  w)  :  (uv)  =  (a  •  u)(b  •  v)(e  •  w). 

It  is  easy  to  check  that  for  a  triad 

(abc)*  =  cab. 


Since  we  have, 

((cab)  :  (uv))  ■  w  =  (a  •  u)(b  •  v)(c  •  w), 


the  lemma  follows. 


From  this  lemma,  we  can  write 


I 
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dM  s  \  ,  v  / dM* 

— (i)-  wl  :  (tw)  =  I  —  (x) :  (vv) )  •  w. 


Thus  we  get 


9  (  x  nr  I  \  \  dM  /  \  f  \ 

—{v  M(x)v)  =  —  (x):(w). 


(3.2.4) 


On  the  other  hand, 


■  w 


d_ 

de 


vtY(x  +  ewj 


£=() 


=  (§£(*) -w  U 


'  -  X 

57 

dx 


(x)  •  V  • w 


where  the  superscript  T  denotes  the  transpose  of  the  second  order  tensor.  Thus  we  have 

-  X 

^(»T?(x))  =  (*)•».  (3.2.5) 


By  substituting  (3.2.3), (3.2.4), (3.2.5)  in  the  Euler-Lagrange  equations,  we  get 


,  .  sm,  ...  av,  i  dM-  ,  ,  ,  a?T,  ,  av, 

+  W(x):(vv>  +  to(l)”’  =  2aX  (*):(™)  +  to  ‘  aF(l)' 


By  combining  terms,  it  follows  that, 


s  .  ,1  dM 


\  ,  sm,  \  /ay,  ,  ayT,  A  av 

(I)  -  aT(l)J  :  ‘  (  aF(l)  -  aF  (I)  j '  ”  "  aF(l) 


Define 


_  a  dY .  .  57T,  . 

*  =  57(x)~  57  (x)’ 

J  -  2  dx  {  ’  dx  iXj- 


(3.2.6a) 

(3.2.66) 


The  equations  of  motion  can  be  then  written  as,  by  noting  that  v  =  x, 

dV 

M{x)-x  =  T-x-x  -  Tl-x  -  -q—(x)-  (3.2.7) 

Note  that  is  a  skew-symmetric  tensor,  thus  the  second  term  in  the  RHS  gives  the 
gyroscopic  force  in  the  dynamical  equations  as  discussed  in  [13].  We  remark  that  the 
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component  form  of  M(x )  1T  is  nothing  but  the  Christoffel  symbol  associated  with  the 
geodesic  flow.  Cf.  e.g.  [2]. 

EXAMPLE  3.2.3 


We  consider  the  dynamical  system  treated  in  [13]  in  the  following  form. 

x  =  —  ax  —  gy , 

y  =  -  (3y  +  gx. 


(3.2.8) 


The  skew  terms  in  velocities  gy  and  gx  constitute  the  gyroscopic  forces  which  do  no  net 
work  but  affect  the  stability  of  the  system.  It  is  easily  checked  that  this  is  a  gyroscopic 
system  with  the  Lagrangian  in  the  form  of  (3.2.2)  with  the  following  entities, 


M(x,y)  = 


1  0 
0  1 


Y(x,y)  =  v(x*y)  =  \(xv)  (0  °p 


I 

Now  we  go  back  to  the  abstract  framework  of  the  gyroscopic  systems  with 
symmetry.  We  remark  first  that  a  simple  mechanical  system  with  symmetry  in  the 
sense  of  Smale  [64]  is  a  special  case  of  the  gyroscopic  systems  with  symmetry.  We  simply 
take  Y  =  0  and  consider  the  quadruple  ( Q,K,V,G ).  In  this  dissertation  we  show 
that  many  key  results  in  the  category  of  simple  mechanical  systems  with  symmetry  can 
be  extended  to  gyroscopic  systems.  For  a  gyroscopic  system  with  symmetry  with  the 
Lagrangian  (3.2.1),  we  have  the  following  lemma. 

LEMMA  3.2.4 

L  is  invariant  under  the  tangent  lift  $T . 

Proof 

We  need  to  show  that,  for  all  g  £  G ,  ($J)*.L  =  L,  or, 

L($Tg-vx)  =  L{vx). 

We  proceed  as  follows. 

X($ Tg  -vx)  =  i  K(g  ■  x)(Tx$g  ■  vx,  Tx$g  ■  vx) 

+  K(g-x)(Tx$g-vx,  Y{g-x))  -  V(g-x). 
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By  the  G-invariance  of  the  gyroscopic  field  Y ,  (3.1.18),  we  can  write 
L{$Tg  • vx )  =  ^K(g  ■  x)(Tx$g  ■  vx,  Tx$g  ■  vx) 

+  K(g-x)(Tx$a-vx,  Tx$g-Y(x))  -  V(g-x). 
=  i K(x)(vx ,  vx )  +  Ii(x)(vx,  T(x))  -  V{x) 

=  L(vx), 

by  the  invariance  property  of  the  metric  K  and  the  potential  V . 
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The  Legendre  transformation  corresponding  to  this  Lagrangian  can  be  found  as 
follows,  cf.  (2.1.7), 

{£l{vx),  wx)x  =  D2L{vx )  •  wx  - 

<  vx  +  e  wx,  vx  +  ewx  »x  +  <  vx  +  e  wx,  Y (x)  >x  -  V (x), 
« =o 

=  <  vx  +  Y(x),  wx  >r, 

=  (ii'bK  +  y(x)),tnx)T. 


d_ 

de 


L(vx  +  €WX), 


We  thus  have 

h(vx)  =  J5TbK  +  y(x)).  (3.2.9) 


LEMMA  3.2.5 

The  Lagrangian  L  in  the  form  of  (3.2.1)  is  hyperregular. 

Proof 

The  inverse  of  the  Legendre  transformation  can  be  found  as,  for  ax  6  T*Q , 

il\ax)  =  K\ax)  -  y(x).  (3.2.10) 


It  follows  that  iL  is  a  diffeomorphism,  and  thus  L  is  hyperregular. 


I 


From  Lemma  3.2.5,  and  the  comment  after  Lemma  2.1.2,  the  space  ( TQ ,  fix,  =  -dOL) 
is  a  symplectic  manifold,  where  the  symplectic  form  Ql  is  defined  as  in  (2.1.6)  through 
the  1-form  Ql  ,  which  in  turn  can  be  written  as 
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QL(vx)  •  (u,w)  =  K(x)(v  +  Y(x),  u ). 


With  Lemma  3.2.4,  the  group  G  acts  on  TQ  through  the  tangent  lift  d>T  as  a  symmetry 
group.  It  can  be  further  verified  that  this  action  is  symplectic,  namely,  (§T)*fi£,  = 
Within  this  framework,  the  momentum  mapping  J  :  TQ  ->  Q *  can  be  thus  defined  such 
that  the  infinitesimal  generator  of  the  action  corresponding  to  £  6  Q  is  the  vector 
field  induced  by  the  function 

(J,  0  :  TQ  ->  ]R, 

through  the  symplectic  structure,  cf.  (2.1.12b).  Consequently,  we  have  the  following 
theorem. 

THEOREM  3.2.6 

The  gyroscopic  system  with  symmetry  (Q,  if,  Y,  V ,  G)  has  the  following  properties. 

(i)  The  1-form  corresponding  to  L  defined  in  (2.1.5)  is  invariant  under  the  tangent 
lift,  i.e. 

($jr  ©l  =  ©l. 

(ii)  There  is  an  associated  Ad*  -equivariant  momentum  mapping  J  :  TQ  —  Q* ,  in  the 
form  of 

<^(,yr)(0  =  l{Tx)i  €q(x))x  =  “C  vx  +  E(x),  £q(x)  ^>xj  (3.2.11) 

where  ^  £  Q  is  an  element  in  the  Lie  algebra  of  G ,  £q(x)  denotes  the  infinitesimal 
generator  of  £  on  Q .  The  notation  Q*  denotes  the  dual  of  the  Lie  algebra  Q . 

(iii)  The  momentum  mapping  defined  in  (3.2.11)  is  a  vector- valued  integral  of  any  vector 
field  induced  by  a  G-invariant  function  on  TQ  through  an  analogous  formula  in 
(2.1.12).  In  particular,  it  is  an  integral  of  the  Lagrangian  vector  field  Xhl  ■ 

Proof 

For  (i),  we  note  that  ($J)*T  =  L,  by  Lemma  3.2.4.  Since  the  exterior 

differentiation  commute  with  the  pull  back  operator,  (i)  follows  immediately.  Statements 
(ii),  and  (iii)  can  be  shown  by  directly  applying  Theorem  4.2.2  and  Corollary  4.2.14.  in 
[2], 

I 
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The  quadruple  (TQ,£Il,  <f>T,  J )  is  an  example  of  hamiltonian  G-space.  The  energy 
function  for  the  gyroscopic  system  can  be  found  as,  cf.  (2.1.11), 

-®X#(®ar)  =  hc)x  L(Vx)i 

=  <  Vx  +  Y(x),vx  >x  -  ^  <  vx,  vx  >x  -  <  vx,Y(x )  >r  +  V(x), 

=  |  <  «*,  v*  >r  +  V(x).  (3.2.12) 

The  energy  function  for  the  system  is  not  affected  by  the  gyroscopic  field  Y .  However, 
the  dynamics  are  different  from  what  one  would  see  if  Y  =  0.  .  The  differences  in 
the  dynamical  behavior  inherit  from  the  different  symplectic  2-form  CIl  associated  with 
different  Lagrangian  L .  In  particular,  the  gyroscopic  term  in  the  Lagrangian  gives  rise 
to  the  magnetic  terms  in  the  symplectic  2-form.  On  the  other  hand,  on  the  momentum 
phase  space  T*Q ,  the  Hamiltonian  associated  with  the  system  is 


H(ax)  =  Hl  o£ll(ax), 

=  \  «  K\ax)  -  y(z),  K\ax)  -  Y(x)  »*  +  V(x), 

=  \  <  «*  -  K\Y(x)),  ax  -  Kb(Y(x))  >t-q  +  V(x).  (3.2.13) 


Consequently,  on  the  momentum  phase  space,  the  Hamiltonian  is  affected  by  the 
gyroscopic  term  through  the  momentum  shift,  with  the  canonical  2-form  wq  unchanged. 


EXAMPLE  3.2.7 

We  consider  again  the  system  in  Example  3.2.3.  The  energy  associated  with 
(3.2.15)  on  TQ  is 


HL(x,y,x,y)  =  |  (x2  +  y2  +  ax2  +  f3y2)  , 
with  the  symplectic  2-form  in  matrix  representation 


([ftL]-1)7  = 


(0  0  1  0  \ 

0  0  0  1 

-100-5 
0  -1  g  0  / 


(3.2.14) 


This  can  be  checked  from  the  equation,  cf.  (2.1.12c), 
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x  =  Xjjl (x)  =  ([fii]-1)7  X7xHl, 

where  x  =  (x,y,x,y).  The  right-lower  2x2  block  in  ([fix,]-1)11  Is  called  the  magnetic 
part.  On  the  other  hand,  on  T*Q  ,  we  have  the  conjugate  momentum  variables  defined 

by 

Pi  =  x  +  gy, 

P2  =  y- 

The  dynamical  equation  (3.2.8)  can  be  written  as 

x  =  pi  -  gy , 

V  =  P2, 

Pi  =  —  ax, 

h  -  -  Py  +  g(pi  -  gy), 

which  is  a  hamiltonian  system  with  the  Hamiltonian  function 

S(x,y,pi,p2)  =  i  {{pi-gyf  +  p\  +  ax2  +  Py2)  . 

The  symplectic  structure  is  the  canonical  symplectic  2-form  w0  »  i.e.  in  matrix  represen¬ 
tation, 

/  0  0  1  0\ 

r  ,  (  0  0  0  1 

^  1-1  0  0  0' 

\  0  -100/ 


I 

In  summary,  the  gyroscopic  term  affects  the  symplectic  2-form  on  TQ  side  while, 
on  T*Q  side,  it  affects  the  Hamiltonian  function.  To  gain  more  insight  about  how  the 
gyroscopic  field  enters  the  symplectic  structure  fix, ,  we  consider  an  even  simpler  case 
than  (3.2.2).  We  assume  that  the  second-order  tensor  M  is  independent  of  x  in  (3.2.2). 
It  can  be  easily  found  that  the  symplectic  2-form,  is  now,  cf.  (2.1.6), 


Ql(?>»)((«i,  »i)>  (u2,  w2)) 

8Y  „  &Y 


dx 

(«i  Wi) 


U2  '  Ui  +  M  •  W 2  •  Ui 
T 


-—■Ui-  u2 
dx 


—  M  ■  w i  •  u2 


9Y_dY  M 
dx  dx  m 


—MT 
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The  block 


-  t 

fjfir  —  is  the  magnetic  term. 


3.3.  Reductions 

For  the  gyroscopic  systems  with  symmetry  ( Q,K,Y,V,G ),  we  may  reduce  the 
system  dynamics  to  a  lower  order  system  by  utilizing  the  symmetry  properties.  The 
reduction  process  has  a  long  history.  For  Jacobi  and  Liouville[2]  [5],  this  meant  we  could 
reduce  the  Hamilton’s  equation  with  some  first  integrals  in  involution.  For  Routh  [58], 
this  meant  a  process  of  eliminating  ignorable  variables.  In  the  following,  we  shall  discuss 
the  reduction  of  our  system  from  two  points  of  view,  namely,  symplectic  reduction  and 
Poisson  reduction. 

First,  we  perform  the  symplectic  reduction  in  the  sense  of  [48].  As  discussed  in 
Chapter  2,  (TQ ,  Q.l )  is  a  well-defined  symplectic  manifold,  since  L  is  hyperregular 
(see  Lemma  3.2.5).  By  the  Property  (i)  in  Theorem  3.2.6,  the  Lie  group  G  acts  on 
Q  symplectically,  i.e.  preserving  the  symplectic  structure.  Also,  from  Property  (ii) 
in  Theorem  3.2.6,  there  is  an  Ad*  -equivariant  momentum  mapping  J  for  this  action. 
Thus  all  the  conditions  in  the  Symplectic  Reduction  Theorem,  see  Theorems  4.3.1,  4.3.5, 
pp.  299,  304  in  [2]  are  satisfied,  we  can  thus  state  the  following  reduction  theorem 
corresponding  to  the  gyroscopic  systems  with  symmetry. 

THEOREM  3.3.1 

Consider  the  gyroscopic  system  with  symmetry  (Q,K,Y,V,G) .  Assume  that 
/x  €  Q*  is  a  regular  value  of  the  momentum  mapping  J ,  as  defined  in  (3.2.11),  and 
that  the  isotropy  subgroup  G, ,  defined  by 

G,  =  {  g  £  G  :  Ad*~ ifi  =  n}, 

under  the  Ad*  action  on  Q*  acts  freely  and  properly  on  J-1(/x),  then 

(TQ),  =  J-'M/G,, 

has  a  unique  symplectic  form  f l,  with  the  property 
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=  CftL, 


where  7tm  :  J  :(/r)  — >  ( TQ )M  is  the  canonical  projection  and  :  J-1(/x)  '— *•  TQ  is  the 
inclusion  map.  Moreover,  the  flow  Ft  of  induces  a  flow  Ff  on  (TQ)„  satisfying 

*n  ■  Ft  =  Ff  ■  7 rM. 

This  flow  is  a  Hamiltonian  flow  on  (TQ)^  with  a  Hamiltonian  function  Hf  satisfying 

H H L  '  ifii 


with  respect  to  the  symplectic  structure  . 
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The  function  on  the  reduced  space  is  called  the  reduced  energy.  The  corresponding 
vector  field  XH»  on  the  reduced  space  (TQ)M  is  called  the  reduced  vector  field.  With 
the  symplectic  reduction,  we  thus  first  restrict  our  consideration  to  the  level  sets  of  the 
momentum  mapping,  and  then  factor  out  the  isotropy  group. 

Next,  we  consider  the  Poisson  reduction  [47].  We  first  review  basic  framework 
for  a  Poisson  manifold.  A  Poisson  manifold  P  is  a  smooth  manifold  equipped  with  an 
Hi-bilinear  map  (Poisson  structure)  on  the  space  of  smooth  functions, 

{-,-}F  :  C°°(P)  x  C°°(P)  -  C°°(P) 


satisfying  the  axioms,  for  f,g  €  C°°(P), 

(i)  {f,g}p  =  -  { 9,1} p 

(ii)  {fg,h}P  =  g{f,h}P  +  f{g,h}P 

(iii)  {/,  {g,h}p}p  +  {g,{h,f}p}p  4-  {h,{f,g}P}p  =0. 

Associated  to  a  Poisson  structure,  there  is  a  unique  twice  contravariant,  skew- 
symmetric,  smooth  tensor  field  A  on  P  such  that 

{f,g}p  =  A  (df,  dg), 

where  df ,  dg  are  differentials  of  /,  g ,  respectively.  The  tensor  field  A  defines  a  vector- 
bundle  morphism, 
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A*  :  T*P  ->  TP 


ax  t-t-  A#(a;r;)  £  TXP 

satisfying, 

0X  ( A*(ax ))  =  A  (x)  (dj,  fix)  for  all  (5X  E  T*P. 

Let  G  be  a  Lie  group  and  let  $  :  G  X  P —*  P,  (g,  x)  t-+  ^(x),  be  a  group 
action  such  that  1®rs(-)  is  a  Poisson  morphism  for  every  g  £  G ,  i.e.  :  P  — ►  P  is 
an  isomorphism  and  preserves  the  Poisson  structure.  Suppose  that  the  action  is  proper 
and  free.  Then  the  quotient  space  P/G  is  a  manifold  which  carries  a  Poisson  structure 
{•,  • }p/g  induced  from  the  one  on  P  satisfying,  for  f,g  £  C°°(P/G), 

{f,g}p/a°i r  =  {/ott,  gov}P.  (3.3.1) 

Here  x  :  P  — *•  P/G  is  the  canonical  projection.  By  construction,  it  is  a  Poisson 
morphism. 

G-equi variant  dynamics  on  P  induce  dynamics  on  P/G.  Suppose  h  :  P  — ►  ]R 
is  a  G-invariant  Hamiltonian  function  on  P  ,  i.e., 

(*))  =  h{x)  V  g  e  G. 

Define  a  vector  field  Xh  through 

Xh[f]  =  {/,  h}P  V  /  e  G°°(P).  (3.3.2) 

The  Hamiltonian  h  descends  to  h  :  P/G  — -  1R  and  determines  a  Poisson-reduced 
dynamics  X-h  on  P/G  by 

x-h  [f]  =  {/,  h}P/G  v/  e  C°°  (P/G).  (3.3.3) 

Here  h  ([x])  =  h(x)  for  an  equivalence  class  [x]  in  P/G. 

Recall  that  the  symplectic  manifold  (TQ,Q.l)  has  a  canonical  Poisson  structure 
induced  from  the  symplectic  structure,  namely,  for  f,g  £  C°°(TQ), 

{/,  g)L(vx)  =  df(vx)  •  Xg(vx )  =  nL(vx)(n L(df),  nL(dg)),  (3.3.4) 
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cf.  (2.1.10).  Since  the  energy  function  Hl  is  G -invariant,  we  carry  out  the  Poisson 
reduction  as  follows.  Assume  G  acts  on  TQ  freely  and  properly.  Let  f  be  the  projection 
from  TQ  to  TQ/G,  f,g  £  C°°(TQ/G),  the  induced  Poisson  bracket  of  /  and  g  is 
defined  analogous  to  (3.3.1)  as 

{/,  g}i°f  -  {/of,  jofji,  (3.3.5) 

Within  the  framework  of  Poisson  reduction,  we  have  the  following  elements. 

Hl°t(vx)  =  Hl(vx),  (3.3.6) 

XfjL[f)  =  {/,  HL}u  V  feC00 (TQ/G).  (3.3.7) 

Here  the  vector  field  X is  called  the  projected  Hamiltonian  vector  field  on  TQ/G . 

The  reductions  discussed  here  is  on  the  Lagrangian  side,  or  TQ  side.  We  could 
perform  similar  reduction  process  on  T*Q  side,  or  Hamiltonian  side,  by  noting  that  the 
Hamiltonian  function  on  T*Q ,  namely  H  in  (3.2.13),  is  invariant  under  the  cotangent  lift 
4>T  (this  could  be  derived  from  (3.1.15),  (3.1.16)).  This  is  usually  the  setting  discussed 
in  the  literature  regarding  simple  mechanical  systems  with  symmetry.  For  comparison, 
we  include  the  framework  of  gyroscopic  systems  with  symmetry  on  the  T“Q  side. 

DEFINITION  3.3.2 

A  Gyroscopic  System  with  Symmetry  is  a  5-tuple,  (Q,  K,  Y,  V ,  G) ,  in  which 

(1)  ( Q,K )  is  a  Riemannian  manifold. 

(2)  Y  is  a  vector  field  on  Q  ,  a  gyroscopic  field. 

(3)  V  is  a  function  on  Q  ,  a  potential. 

(4)  G  is  a  Lie  group  with  an  action  on  Q ,  which  leaves  K ,  Y ,  V  invariant  and  is 
called  the  symmetry  group. 

(5)  Within  the  framework  of  hamiltonian  mechanics,  the  system  is  characterized  by  a 
Hamiltonian  H  :  T*Q  —<■  JR.  in  the  form  of 

H(ax)  =  |  <  ar  -  K\Y(x)),  ax  -  K\Y{x ))  >t.q  +  V(x).  (3.3.8) 

where  <  •,•  >  is  the  induced  metric  on  T*Q  defined  in  (3.1.4). 

I 


41 


Since  the  two  definitions  3.2.1  and  3.3.4  are  equivalent,  we  will  use  the  terminology 
gyroscopic  systems  with  symmetry  to  refer  either  one  of  them,  depending  on  what  the 
underlying  space  is.  The  reduction  on  T*Q  side  could  be  performed  in  a  similar  way. 
The  symplectic  manifold  is  ( TmQ ,  uq),  cf.  (2.1.8),  with  the  corresponding  momentum 
mapping, 

J  :  T*Q  -*•  Q', 


(3.3.9) 

(J(ax)i  0  =  (an  £q(x))x- 

These  two  reduction  processes  are  equivalent,  but  the  one  on  TQ  side  seems  to  be  more 
intuitive. 


3.4.  Principle  of  Symmetric  Criticality 

In  this  section,  we  introduce  the  notion  of  relative  equilibria  and  discuss  their 
characterization.  The  concept  of  relative  equilibrium  goes  back  to  Poincare.  With  the 
symplectic  reduction  process,  we  define  the  notion  of  relative  equilibrium  as  follows, 
cf.  Theorem  3.3.1. 

DEFINITION  3.4.1 

A  point  vx  in  TQ  is  called  a  relative  equilibrium  if  ttm(vz)  £  ( TQ )M  is  a  fixed 
point  for  the  reduced  vector  field  ,  where  p  -=  J(vx). 

I 

Within  the  framework  of  Poisson  reduction,  we  may  define  a  similar  notion,  cf.  (3.3.6), 
(3.3.7), 

DEFINITION  3.4.2 

A  point  vx  in  TQ  is  called  a  relative  equilibrium  for  Xhl  if 

XMl  (f(vx))  =  0. 


I 

It  turns  out  that  the  two  notions  of  relative  equilibrium,  Definition  3.4.1,  3.4.2,  are 
equivalent.  It  can  be  shown,  cf.  [2],  that,  for  both  cases,  vx  is  a  relative  equilibrium  iff 
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there  exists  a  £  £  G  such  that  the  flow  of  Xhl  , 

FXhl  (us)  =  ^exp(i^)  (vr)>  (3.4.1) 

i.e.  the  dynamical  orbit  is  simply  a  group  orbit.  Thus  if  the  observer  were  to  be  set  in 
uniform  motion  according  to  the  one-parameter  group  exp(t£) ,  then  for  such  a  moving 
observer,  a  relative  equilibrium  will  appear  to  be  stationary.  For  instance,  if  G  -  50(3) , 
then  corresponds  to  a  uniform  rotation  about  a  fixed  axis  £  in  space  with 

the  rotational  speed  |£| .  In  celestial  mechanics,  a  relative  equilibrium  corresponds  to 
exactly  the  state  of  circular  motion  of  the  bodies. 

To  characterize  the  relative  equilibrium,  we  recall  the  following  Souriau-Smale- 
Robbin  Relative  Equilibrium  Theorem  recast  for  our  problem. 

THEOREM  3.4.3 

vx  G  TQ  is  a  relative  equilibrium  for  Xh  iff  there  exists  a  f  G  Q  such  that  vx  is 
a  critical  point  of 

Ei  s  EL  -  (.7,  0,  (3-4-2) 

where  (J,  £):TQ  — ►  R  is  a  real-valued  function  given  by  vx  h-v  (J(vx),  f) . 

I 

In  particular,  for  the  gyroscopic  systems  with  symmetry,  we  have,  cf.  (3.3.9), 
(3.2.12), 


Ed  vx)  = 


^  <  Vx,  vx  >x  +  V(x)  -  <vx  +  Y(x),  £q(x)  »x, 

\  <  Vx  ~  &?(*),  Vx  -  £q(x)  >x 
+  V{x)—  <  y(x),  &j(*)  >x  ~~  <  £<?(*),  Zq(x)  >x  • 


(3.4.3) 


From  Theorem  3.4.3,  it  is  then  easy  to  check  that  the  necessary  conditions  for  vx  to  be 
a  relative  equilibrium  are 

=  £q{x)i  (3-4-4) 


and 
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dx[V(x )  -C  £q{x)  ^ x  2  ^  ^qC1)  ^r]  —  0. 

We  thus  have  the  following  algorithm  ( principle  of  symmetric  criticality )  to  find  relative 
equilibria. 

ALGORITHM  3.4.4 
0.  Pick  feG. 

1.  Search  for  the  critical  points  xe  of  the  function 

Vf.Q  -f  R 

Ve(x)  =  V(x)  -  «  Y(x),  ZQ(x)  >x  -  i  «  fo(a:),  £<,(*)  »,  (3'4'5) 

2.  Substitute  xe  in  (3.4.4)  to  find  the  corresponding  ve  =  ^c?(xe). 

I 

We  note  that  the  computation  in  step  1  is  fully  on  the  configuration  space.  Thus  the 
process  of  searching  for  a  relative  equilibrium  is  greatly  simplified.  We  remark  that, 
for  simple  mechanical  systems  with  symmetry,  the  principle  of  symmetric  criticality 
stated  above  appears  as  Theorem  1.1  in  Part  II  of  Smale[64].  Smale  also  notes  that 
special  versions  have  been  known  earlier,  e.g.  in  the  study  of  symmetric  geodesics. 
See  also  p.  355  of  [2],  Theorem  16.7  in  Hermann[3i],  Arnold[6],  and  Palais[5i].  Here  the 
augmented  potential  function  has  one  additional  term  to  accommodate  the  gyroscopic 
effects.  Through  this  term,  we  may  change  the  number  of  critical  points  as  well  as  the 
locations  of  them.  Consequently,  the  phase  portrait  will  be  changed.  This  provides  us 
an  efficient  tool  to  control  the  phase  portrait.  These  comments  will  be  made  clear  in  the 
following  chapters. 

There  is  an  additional  symmetry  in  the  augmented  potential  Vjc .  First,  we  define 
the  stabilizer  of  £  to  be 

Gi  =  {g  e  G  |  Adg(0  =  £}  C  G,  (3.4.6) 

where  Ad  is  the  adjoint  action  of  G  on  Q  defined  in  (3.1.7).  G £  is  actually  a  subgroup 
of  G,  and  thus  defines  an  action  on  Q .  We  have  the  following  lemma. 

LEMMA  3.4.5 

Vj  is  invariant  under  the  action  of  G%  on  Q ,  i.e. 
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Vc(#,(*))  =  v€(*),  VjeGj. 


(3.4.7) 


Proof 

By  a  similar  argument  as  in  the  proof  of  Lemma  3.2.4,  we  have 
vt(g  • x)  =  v(g-x)  -  K(g-x)(Y(g-x),  ZQ(g-x)) 

-  \K(g-x)(tQig-x),  £<?($•*)), 

=  V(x)  -  K(x)(T^~1  -Y(g  •  x),  T$~l  ■  £Q(g  •  x)) 

-  ±K(x)(T* -1  ■  iQ{g  ■  x),  T$ -1  -iQ{g.  *)), 

since  K  is  G -invariant.  Moreover,  for  g  6  G^, 

T*?-tQ{g-X)  =  T*;1- [*«*««  •*,(*)], 

=  I  $g~1-exp  e£-g(x)  ]  =  [$expe  Adg-i((x)  ]> 

=  £q(x). 

With  the  above  identity  and  the  invariance  property  of  Y ,  the  lemma  is  proved. 

I 

We  assume  that  the  quotient  space  Q/G $  is  well  defined.  Denote  the  projection  from 
Q  to  Q/G$  by  7r^ .  By  Lemma  3.4.5,  we  could  define  an  induced  function  VJt  on  Q/G$ 
from  the  augmented  potential  such  that  the  diagram  in  Figure  3.4.1  commutes,  namely, 

o  =  V€.  (3.4.8) 


Q/Gf 

Figure  3.4.1.  Symmetry  of 
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Typically,  Vj  is  a  Morse  function  on  Q/G £  and  ir^  1(xe)  is  a  nondegenerate  critical 
manifold  in  the  sense  of  Bott[i2],  if  xe  is  a  critical  point  of  V^. 

EXAMPLE  3.4.6 

One  application  of  the  principle  here  is  to  find  the  relative  equilibria  of  the  planar 
three-body  system  discussed  in  [65]  [66].  If  we  plot  the  function  V ^  (for  particular 
kinematic  parameters)  on  the  joint  space,  we  get  the  picture  in  Figure  3.4.2,  from  which 
the  fundamental  equilibria  defined  in  [65]  [66] can  be  easily  seen.  These  are  the  relative 
(joint)  configurations  (0,0),  (0,7r),  (7r,0),  (tt,  tt) . 

I 


Figure  3.4.2.  Function  for  the  planar  3-body  problem 


As  remarked  at  the  end  of  Section  3.3,  the  reduction  could  be  worked  out  on  the 
Hamiltonian  side.  Thus  there  is  a  similar  algorithm  corresponding  to  Algorithm  3.4.4 
on  the  T*Q  side.  We  include  it  here  without  derivation,  which  could  be  easily  done  in 
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an  analogous  way. 


ALGORITHM  3.4.7 
0.  Pick  £  e£. 

1.  Search  for  the  critical  points  xe  of  the  function 

VVQ^R 

vdx)  =  v(x)~  <Y(x),  £q(x)>x  -  i  <  Zq(x),£q(x)  . 

2.  Find  the  corresponding  conjugate  momentum  variable  pe ,  by  putting  xe  in  the 
following  formula. 


Pe  =  K>(Y(xe)-ZQ(xe)).  (3.4.9) 

I 

The  point  ( xe ,  pe)  in  the  momentum  phase  space  T’Q  is  then  a  relative  equilibrium 
corresponding  to  the  reduction  on  TmQ  with  respect  to  the  cotangent  lift  action. 


3.5.  Two  Rigid  Bodies  Connected  By  a  Ball-In-Socket  Joint 

The  previous  section  provides  us  with  a  variational  principle  on  configuration  space 
for  determining  relative  equilibria.  In  this  section,  we  apply  the  principle  of  symmetric 
criticality  to  a  problem  of  coupled  rigid  bodies.  For  simplicity,  we  consider  here  only  a 
simple  mechanical  system  with  symmetry.  Later  in  Chapter  7,  the  gyroscopic  systems 
with  symmetry  will  be  discussed  further.  This  section  closely  follows  the  work  in  [70]. 
A  similar  example  was  considered  in  [52],  [53]. 

First  we  describe  the  kinematics  of  a  mechanical  system  consisting  of  two  rigid 
bodies  connected  by  a  spherical  joint.  Two  bodies,  with  masses  m* ,  m2 ,  are  free  to 
move  in  three  dimensional  Euclidean  space,  subject  to  a  ( three- degrees-of-freedom)  ball 
and  socket  coupling  (See  Figure  3.5.1).  We  introduce  the  following  notations. 
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v  ir 

r°  ■'  inertiai  franw  offence  in  space. 

0 '  0"S“  °f  'he  iMrtiaJ  reference  sys,em. 

¥,:  “"‘erofmassofbodyl. 

l?;:  center  of  mass  of  body  2. 

fi :  orthonormal  frame  on  body  1  with  origin  at  Mi 

1,:  r0t^°na^  c00rdinate  transformation  matrix  from  Tj  to  r0 
2  orthononnal  frame  on  body  2  with  origin  at  M2 

2 '  rOU“°naJ  C°°rdina,e  *"-*“■*«  marri,  from  r,  „  r 
vector  from  the  joint  to  Mi  in  the  frame  Tj 

vector  from  the  joint  to  jtf2  in  the  frame  r2 . 
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rx :  vector  from  0  to  M\  in  frame  To . 
r2 :  vector  from  0  to  Mn  in  frame  T0 . 
r0 :  vector  from  0  to  the  system  center  of  mass  in  frame  To . 
m:  total  mass  (=  m\  +  m2). 

Q 1 :  vector  from  M\  to  a  point  of  body  1  in  the  frame  . 

qi :  vector  from  0  to  the  same  point  of  body  1  as  Q\  above  in  the  frame  To  . 

Q  2  ■  vector  from  M2  to  a  point  of  body  2  in  the  frame  To . 

<72  :  vector  from  0  to  the  same  point  of  body  2  as  Q2  above  in  the  frame  To  . 

w :  vector  from  0  to  the  joint  in  the  frame  To . 

From  the  above  descriptions,  we  have  the  following  kinematic  relations, 


<7i  —  7*i  +  B1Q1, 

(3.5.1  a) 

q2  z=  rn  +  B2Q2, 

(3.5.16) 

mr0  =  mi  r2  +  m2r2, 

(3.5.1c) 

r\  ■=  w  +  B\dx, 

(3. 5. Id) 

r2  —  w  4-  Bn  d2  ■ 

(3.5.1e) 

Also  we  know  that  B\  and  Bn  belong  to  the  special  orthogonal  group  50(3). 

Let  H\{-)  denote  the  mass  measure  of  body  1  in  the  frame  Ti  and  n2(-)  denote 
the  mass  measure  of  body  2  in  the  frame  T2 .  The  kinetic  energy  of  body  1  can  be  thus 
written  as 

Ti  =  i^  Ui(Qi)|2dMi(Qi). 

Expanding  the  above  by  using  (3.5.1a),  (3.5.1b)  and  the  formula  |  x  |2  =  tr(xxT),  we 
have  the  form 

r,  =  ^-|n  |!  +  lir  (B.Aiif). 

where  ii  is  the  coefficient  of  inertia  of  body  1,  defined  by 

h  =  /  QiQfcMQ!), 

Jb  1 

and  fr(-)  denotes  the  trace  of  a  matrix. 
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The  kinetic  energy  of  body  2  has  a  similar  form.  We  thus  have  the  total  kinetic 
energy  expressed  as 


T  =  Ti  +  T2 

=  ~y\ h  |2  +  ^tr(BxIxBf)  +  ~\  r2 12  +  ^tr(B2I2B%). 


(3.5.2) 


By  (3.5.1c)-(3.5.1e),  we  may  write  the  total  kinetic  energy  in  terms  of  the  total  linear 
momentum  p  =  mr0  of  the  system. 

T  =  ±tr(BxIxB?)  +  l-tr{B2I2B?)  +  £-\ Bxdx  -  B2d2  |2  +  \p\ 2. 


Here  s  —  mim2 / (mi  m2)  is  the  reduced  mass.  Since  there  is  no  potential  assumed, 
this  is  also  the  Lagrangian  of  the  system. 

The  configuration  space  is  50(3)  x  50(3)  x  It3.  The  system  is  invariant  under 
translation  of  the  inertial  reference  frame,  i.e.  we  have  a  symmetry  group  action  on  the 
configuration  space 

$:R3  x  (50(3)  x  50(3)  x  1R3)  -  50(3)  x  50(3)  x  1R3 
(\,(Bi,B2,r))  >-+  ( BX,B2,\  +  r). 


We  can  symplectically  reduce  the  system  by  1R3  (see  [48],  [2])  which  in  turn 
corresponds  to  jumping  to  the  center  of  the  inertial  frame.  This  is  also  done  in  [27] 
and  for  planar  problem  in  [50] [65] [66].  After  this  reduction,  the  reduced  Lagrangian  is 

L  =  ±tr(BxhB?)  +  tr(B2I2Bj] )  +  ~\  Bxdx  -  B2d2  |2.  (3.5.3) 


which  is  a  function  on  T(50(3)  X  50(3)). 

Although  the  mechanical  system  considered  here  is  exactly  the  same  as  in  [27], 
the  Lagrangian  is  expressed  in  terms  of  coefficients  of  inertia  referred  to  different  body 
frames  than  the  one  they  use.  Ours  is  based  on  the  body  frames  affixed  to  centers  of 
mass.  By  applying  the  formula  for  change  of  coefficient  of  inertia  by  translation,  one 
checks  that  the  results  are  the  same. 

Now  we  put  the  system  in  the  category  of  simple  mechanical  system  with  symmetry. 
The  Riemannian  metric  on  T(50(3)  X  50(3))  is  given  by  the  (symplectically)  reduced 
Lagrangian  as 
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<  (W1,W2),  (Wi,  Wo)  »=  tr{Wx h W?)  +  tr(W2I2Wj) 

£\W1dl-W2d2\2. 

where  (Wi,W2)  belongs  to  T(50( 3)  x  50(3))..  We  know  that  every  element  in 
T(50(3)  x  50(3))  can  be  represented  as  in,  cf.  Section  2.2, 

T(50(3)  x  50(3))  =  {(Bi,Bo,  w\Bi,  w2B2)  : 

B\,B2  £  50(3),  wi,w2  £  IR^}, 

where  "rlR3  — *■  so(3)  is  defined  in  (2.2.1).  In  terms  of  w i,  w2 ,  we  have 

<  (WX,W2),{WX,W2)  >  =  tr(wi Bx A B? wf )  +  tr(w2B2 12 ) 

+  £  |  ibiBidi  —  w2B2d2  |2. 

As  shown  in  (2.2.2e),  we  have  the  following  relation, 

tr(u  I  uiT)  =  <  ui,  Iu>>e,  (3.5.4) 


where  <,>e  is  the  Euclidean  inner  product,  and,  with  the  physical  interpretation,  I  is 
the  coefficient  of  inertia  tensor  and  I  is  the  associated  moment  of  inertia  tensor  related 
by  the  formula  in  (2.2.2e).  Upon  further  simplifications  and  rearrangements,  we  get 


<(WUW2),(W1,W2)>=  (( Bfwx)T  (B*w2)t) 


Ji 

r 

12 


JT 


Jl2 

J2 


B? 

B2  w2 


w  1 


(3,5.5a) 


where 

Ji  =  Ij  H-  £  d[ d\ 

J2  =  I2  4-  ed2d2  (3.5.56) 

J 12  =  ediB^B2d2 


The  group  action  to  consider  is  defined  on  50(3)  x  50(3),  the  configuration  space, 
relative  to  an  observer  at  the  system  center  of  mass.  The  diagonal  action  of  the  group 
G  =  50(3)  is  given  by 

$:Gx  (50(3)  x  50(3))  -  50(3)  x  50(3) 

(3.5.6) 


(R,{BuB2))~(RBltRB2). 


Letting  £  £  Q ,  the  corresponding  infinitesimal  generator  can  be  found  as 
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(3.5.7) 


Zq(BuB2)= (exp  e£)(BuB2) 

a€  e=0 

=  -£■  ((expe|)5!,(expe^)£2) 

=  (£bu£b2). 

Since  here  the  potential  energy  V  is  identically  0,  and  the  gyroscopic  field  vanishes,  i.e. 
Y  =  0,  the  function  V^,  cf.  (3.4.5),  is 

=  ((BTtf  {BW)Q2  (3-5.8) 

It  is  clear  that  is  invariant  under  G$  =  {R  €  G :  R£  =  £},  cf.  (3.4.6), (3.4.7),  which 
is  isomorphic  to  51 . 

By  the  compactness  of  50(3)  x  50(3)  we  know  that  for  each  £,  V ^  has  critical 
points.  We  need  to  find  the  conditions  on  B\ ,  B2  so  that  the  gradient  of  with  respect 
to  B\ ,  B2  is  0 .  Equivalently  one  can  check  the  vanishing  of  the  differential  dVf%  on  the 
space  T(50(3)  x  50(3)).  Let  W  6  T(50(3)  x  50(3)), 

W  =  (Bi,B2,WiBi,w2B2). 

The  curve  in  50(3)  x  50(3)  generated  by  W  is  (e**!  i?i,  e**2 B2).  Thus  we  have  the 
formula 

dVt(BuB2)(W)  =  Vi(et^B1,et^B2), 

ai  t= o 

Explicitly,  we  get  the  following  final  form  (here  B  =  B? B2  ), 
dVi(B1,B2)-W  = 

<  w\,£BiJiBi  £  >e  4-  <  w2, £b2 32B2  £  > e 
+  £  <  w\, £B\diBd2B2  £  > e  +£  <  w2,£B2d2BTd1B?£  ~>e 
+  £  <  wi,Bid^B2d2B^  >e 
+  £  <  w2,B2d2E,  BidiBf  <f  >E 

Thus  we  know  that  the  necessary  conditions  for  a  critical  point  of  are 

iB1JxB?Z  +  £tB1d1Bd2Bft  +  £B[d1ZB2d2BTz  =  0, 

£B2J2Bj C  +  £  iB2d2BTdxBl f  +  e  B7d2(i  Bid} B? £  =  0. 
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Now  if  we  define  fix  =  and  f22  =  -Bjf ,  we  get  the  conditions  (in  terms  of  cross 

products  in  R3 ) 

fix  x  Jifti  +  e  d\  x  (Qx  x  B(d2  x  ft2))  =  0,  (3.5.9a) 

ft2  x  J2ft2  +  ed2  x  (fl2  X  5T(dx  x  fix ))  =  0,  (3.5.96) 

which  are  exactly  the  conditions  found  by  Poisson  reduction  in  [unpublished  notes  of 
P.S.  Krishnaprasadj.  In  step  2  of  the  Algorithm  3.4.4  in  Section  3.4,  we  put  in  the  B x , 
B2  found  by  solving  the  above  conditions  into 

v  —  Zq(BuB2). 

Let  v  6  T(b1,b2)(50(3)  x  50(3))  be  represented  as 

v  =  (uiBi,Cj2B2). 

We  find  that  uq ,  u2  is  nothing  but 

U\  —  u2  —  f. 

The  conjugate  momentum  variables  at  relative  equilibrium  could  be  found  from  (3.4.9) 
as  follows.  Let  p  e  Tt '*Bi  ^(50(3)  X  50(3))  be  represented  as 

P  =  (diAi,a2A2). 


We  find  that  ax ,  a2  can  be  expressed  as 

Ox  —  AiJifii  4-  s  (A2di  x  A2(d2  x  fi2))  > 

a.2  —  Ao  J2fi2  +  £  {A2d2  x  Ax(dx  x  fix )) . 

Now  we  derive  a  necessary  geometric  condition  for  relative  equilibria.  The  relation 
between  fix  and  fi2  is 

fix  =  B£l2 . 

If  we  let  si  =  B\d\  ,  s2  =  B2d2  ,  from  (3.5.9a),  we  get 

B?Z  x  Ji-Bf  f  +  e  B?s i  x  (B?Z  x  B(B*32  x  B? 0)  =  0, 


53 


which  implies 


£  x  +  s  si  x  (£  x  (s2  x  0)  =  o.  (3.5.10) 

Taking  the  inner  product  of  (3.5.10)  with  £ ,  we  obtain  a  key  necessary  condition  for  a 
relative  equilibrium 

£ ■ (si  x  s2)  =  0.  (3.5.11) 

We  note  that  £  is  the  axis  of  rotation  of  the  whole  body,  si ,  s2  are  the  spatial  vectors 
from  joint  to  body  1  and  2,  respectively.  From  (3.5.11),  we  conclude  that,  at  relative 
equilibria,  £ ,  sj ,  s 2  must  lie  on  the  same  plane,  no  matter  what  the  inertias  are. 

REMARK  3.5.1 

We  note  without  proof  that  =  B\£  and  ft2  =  B2£  satisfy  two  additional 
conditions: 

(a)  flj  is  an  eigenvector  of  I[ock , 

(b)  Cl2  is  an  eigenvector  of  2?TI(0Ck  B ,  where 

I  lock  —  +  B32Bt  +  BJ22  +  Ji2Bt  (3.5.12) 

is  the  locked  inertia  dyadic  of  the  system  of  two  bodies  referred  to  the  body  1  frame. 

I 

Although  we  can  get  the  same  critical  conditions  (3.5.9a)  (3.5.9b)  by  other  methods, 
the  principle  of  symmetric  criticality  provides  more  information.  Notice  that  in  the 
first  step  of  the  Algorithm  3.4.4,  we  simply  try  to  find  the  critical  points  of 
on  50(3)  x  50(3)  without  any  additional  constraint.  Thus  one  has  an  associated 
unconstrained  optimization  problem.  Numerical  optimization  schemes  can  be  used  to 
find  relative  equilibria  of  minimum  or  maximum  type.  This  issue  is  discussed  in  the 
following. 

By  the  symmetry  of  the  system,  we  know  that  the  function  is  invariant  in  the 
direction  tangent  to  the  orbit  of  .  Thus  in  the  search  for  critical  points,  we  should 
avoid  these  directions.  It  turns  out  that  the  usual  gradient-type  method  is  a  good  choice. 
Here,  we  use  an  optimization  package  named  CONSOLE  which  was  developed  at  the 
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University  of  Maryland[2o].  The  current  version  of  CONSOLE  basically  uses  the  steepest 
descent  method  and  is  thus  applicable  to  our  circumstances. 


In  formulating  the  optimization  problem,  in  order  to  avoid  other  constraints  arising 
from  the  restrictions  on  50(3),  e.g.  AT A  =  Identity ,  we  use  Cayley’s  parametrization. 
That  is,  any  element  A  €  50(3)  can  be  represented  by 


A  = 


1  +  CL 2  4“  CI3 


1  4-  a\  -  a\  —  al 
2(ai<22  +  03) 
2(ui<Z3  —  0.3) 


2(aia2  —  <23) 

1  —  a\  +  a\  —  a 
2(0203  +  Oi) 


2(ai£t3  +  02) 
2(a2a3  -  ai) 

\  —  a\  —  a\ a\. 


(3.5.13) 


where  ai,a2)03  €  R ■  The  problem  can  now  be  written  as 

extremize 


where  (01,02,03),  (61, 62,^3)  the  parameters  for  B\ ,  Bo,  respectively. 

The  CAD  package  CONSOLE  is  composed  of  two  main  programs:  CONVERT, 
SOLVE.  CONVERT  reads  a  problem  description  file  which  describes  the  optimization 
problem  to  be  solved.  SOLVE  then  performs  the  optimization  process  with  the 
interaction  of  user  and/or  some  simulator.  For  more  details,  see  Fan  et  el.  [21],  [19]. 
The  problem  description  file  for  our  problem  is  easily  formulated  in  Table  3.5.2. 

Table  3.5.2.  Problem  Description  File 


dasign_parameter  al  init=0 
design.parameter  a2  init=0 
design_parametsr  a3  init=0 

design_parameter  bl  init=0 
design.parameter  b2  init=0 
design_parameter  b3  init=l 

objective  "V-xi" 
minimize  { 

import  al,  a2,  a3; 
import  bl,  b2,  b3; 

double  costO; 

return  costC  al,  a2,  a3,  bl,  b2,  b3  ); 

> 

good_value=0 

bad_value=100 
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where  the  subroutine  cost()  reads  a  system  description  file  containing  the  information 
of  A,  I2,  du  d2,  £,  mi ,  m2  and  then  returns  the  value  of  the  function  VJr .  By  choosing 
different  moments  of  inertia  and  initial  structure,  we  can  perform  the  optimization.  In 
the  process,  one  thing  we  learned  is  that  if  the  augmented  inertia  is  diagonal,  the  rate 
of  convergence  is  faster.  Thus  preliminary  diagonalizations  should  be  performed  to  get 
speed  up. 

In  the  particular  case  that 

mi  =  3.0,  m2  =  2.0, 


*  =  (00  1), 
/  2  0 
h  =  0  3 

V  0  0 


*  =  (-111),  £  =  (00  1), 

0\  /  3  0  0\ 

0  ,  I2  =  0  4  0  , 

4  J  \0  0  5  / 


the  relative  equilibrium  we  found  by  numerical  methods  was 


0.0 

-0.939 

0.344  \ 

f  0.007 

0.350 

-0.937 

0.0 

-0.344 

-0.939  ,  B2  = 

-0.528 

0.796 

0.294 

1.0 

0.0 

0.0  / 

V  0.849 

0.493 

0.191 

si  =  (0.344  -  0.939  0.0),  s2  =  (-0.593  1.618  -  0.165), 
Cli  =  (1.0  0.0  0.0),  ft2  =  (0.849  0.493  0.191). 


Several  relative  equilibria  corresponding  to  different  choices  of  parameters  are  shown  in 
Figure  3.5.3.  Case  1  in  that  figure  corresponds  to  the  above  numerical  result. 

Note  that  in  all  cases,  either  si  =  Bidi ,  s2  =  B2d2  are  on  a  straight  line  or  they 
and  £  are  on  one  plane.  It  matches  with  the  condition  (3.5.11). 
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CHAPTER  IV 


Hamiltonian  and  Dissipative  Systems 


Among  the  most  important  dynamical  systems  encountered  in  physical  sciences  are 
the  conservative  systems  (including  the  hamiltonian  systems)  and  those  exhibiting  some 
types  of  dissipation  [57]  [29].  In  this  chapter,  we  discuss  how  dissipation  may  enter  into 
a  hamiltonian  system  and  how  it  can  affect  the  dynamical  behavior.  Typically  damping 
mechanisms  drive  a  system  asymptotically  to  a  stable  equilibrium  state.  However,  it 
is  not  necessary  to  put  damping  at  every  interconnection.  Partial  damping  may  either 
damp  the  system  out  or  drive  the  system  into  an  nontrivial  motion.  These  issues  will  be 
addressed  in  the  following.  A  closely  related  work  can  be  found  in  [71]. 

4.1.  Hamiltonian  Systems  with  Added  Dissipation 

In  this  section,  we  will  see  how  dissipation  enters  a  mechanical  system  through 
exterior  forces  (or  horizontal  1-forms).  Let  P  be  a  Poisson  manifold  with  a  Poisson 
structure  {,}.  Let  H  be  a  smooth  function  on  P  and  Xh  be  the  corresponding 
Hamiltonian  vector  field  as  defined  in  an  analogous  way  as  in  (3.3.7),  or 

XH{f]  =  {/,  H},  V  /  G  C°°(P).  (4.1.1) 

Recall  that  vector  fields  can  be  thought  as  derivations  on  the  space  of  C°°  functions  on 
P,  which  will  be  denoted  by  F(P).  The  derivation  on  the  function  /  corresponding  to 
a  vector  field  X  is  usually  written  as  Lxf  or  simply  X[f],  which  is  again  an  element 
in  JF(P)  ■  Now  let  us  consider  a  dynamical  system  which  could  be  written  in  the  form  of 

P  =  XH{p)  +  XD{p),  (4.1.2) 

where  p  G  .P,  and  XD  is  a  vector  field  on  P .  We  have  the  following  definition. 
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DEFINITION  4.1.1 

A  vector  field  XD  is  called  a  dissipative  field  with  respect  to  the  Hamiltonian 
system  Xh  in  the  region  0  C  P ,  if 

(i)  xD[H]{p)  <  o,  vPeO. 

(ii)  For  x  6  0 , 

XD[H](p)  =  0,  iff  XD{p)  =  0. 


I 

Condition  (i)  says  that  the  directional  derivative  of  H  along  XD  is  non-positive, 
or  the  Hamiltonian  (energy)  decays  along  the  direction  of  XD .  The  second  condition 
tells  us  that  wherever  the  decay  vanishes,  the  dissipative  field  must  vanish  as  well. 

Now  we  discuss  a  special  type  of  dissipative  fields  which  are  induced  by  exterior 
forces  in  (regular)  lagrangian  mechanics.  We  consider  the  case  of  P  =  TQ  with  the 
Poisson  structure  (3.3.4).  Recall  that  Lagrange-d’Alembert  principle  for  the  system 
without  constraints  gives  us  the  formula  (2.1.14), 

Fl(X)  +  w  =  0, 

which  could  be  written  as 

n^x)  -  dnL  +  u  =  o,  (4.i.3o) 

or 

X  -  UL(dHL)  +  Hl(w)  =  0.  (4.1.36) 

If  we  let 

XD  =  -Ht(w),  (4.1.4) 

then  the  virtual  displacement  corresponding  to  the  dynamical  motion  is 

X  =  XHl  +  XD.  (4.1.5) 

We  define  the  following  notion. 


59 


DEFINITION  4.1.2 


The  exterior  force  ui  is  called  a  dissipative  force  for  a  lagrangian  system  with 
Lagrangian  L  in  the  subbundle  0  C  TQ  if 

u{XHl){vx)  <0,  V  vx  €  O 

and  u  =  0  on  the  zero  section  of  0 ,  namely, 

u>(x,0)  =  0,  for  (x,  0)6  0. 


I 

Recall  from  Lemma  2.1.5,  the  Lagrangian  vector  field  Xjjl  is  a  special  vector  field 
on  TQ,  namely  in  local  coordinates,  Xjjl(x,v )  =  ( v ,  w)  for  w  6  TXQ .  Since  w  is  a 
horizontal  1-form  on  TQ ,  in  local  coordinates,  we  may  write  u;(x,u)  =  (a,  0),  where 
a  6  T*Q .  It  follows  that 

u(Xhl)(x,v)  =  (a,  v).  (4.1.6) 

The  function  i j(Xhl)  on  TQ  is  thus  independent  of  the  Lagrangian  L.  Consequently, 
we  may  define  a  dissipative  force  for  any  lagrangian  system  as  follows. 

DEFINITION  4.1.3 

The  exterior  force  u  is  called  a  dissipative  force  for  lagrangian  systems  in  the 
subbundle  0  C  TQ  if,  in  local  coordinates,  for  u>(x,v)  =  (a(x,u),  0),  we  hzive  the 
following  properties. 

(a(x,v),  v)  <  0,  V(x,v)G0, 

a(x,0)  =  0,  V  (x,0)  6  0. 


I 

Namely,  a  must  vanish  on  the  zero-section  of  the  bundle.  For  the  case  that  a  is  in  the 
form  of 

a(x,v )  =  7  •  v,  (4.1.7) 

where  7  is  a  negative  definite  matrix,  then 
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(a,  v)  =  v  •  7  •  v, 


(4.1.8) 


which  is  exactly  the  Rayleigh’s  dissipation  function  considered  in  the  literature  [23]. 

In  the  setting  of  lagrangian  mechanics,  the  Lagrangian  vector  field  Xhl  has  a 
special  character,  namely,  it  is  a  special  vector  field,  cf.  Lemma  2.1.5.  Also  the  virtual 
displacement  X  must  be  a  special  vector  field,  cf.  (4.1.5).  Thus  to  define  a  dissipative 
field  for  such  lagrangian  system,  we  need  one  additional  assumption. 

DEFINITION  4.1.4 

A  vector  field  XD  is  called  a  dissipative  field  for  a  lagrangian  system  XuL  in  the 
subbundle  O  C  TQ ,  if 

(i)  Xd[Hl](vx)  <  0,  Vt)rgO. 

(ii)  For  x  6  0 , 

Xd[Hl](vx )  =  0,  iff  XD(ux)  =  0. 

(iii)  XD  is  a  vertical  vector  field. 

I 

It  is  then  natural  to  state  the  following  fact.. 

LEMMA  4.1.5 

The  vector  field  associated  with  a  dissipative  force,  defined  in  (4.1.4),  is  a  dissipative 
field  for  any  lagrangian  system. 

Proof 

Since  the  map  II l  maps  any  horizontal  1-form  to  a  vertical  vector  field, 
cf.  Lemma  2.1.4,  condition  (iii)  is  automatic.  The  lagrangian  system  can  be  written 
in  the  form  of  (4.1.5).  It  follows  that 

XD[HL]  =  dHL{XD)  =  -dHL(UL(u)), 

=  -Dl  (fl-L(dHL),  IIl(w))  =  (IIx,(n;),  Xhl) 

=  u{XHl).  (4.1.9) 

It  is  then  easily  seen  that  the  vector  field  XD  defined  in  (4.1.4)  is  a  dissipative  field. 

I 
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For  a  simple  mechanical  system,  the  Lagrangian  is 

L{vx)  =  i  <  vx,  vx  >s  -  V{x), 

with  the  energy  function 

Hl(vx)  =  i  <  vx,  vx  +  V(x). 

Since  dV  is  a  horizontal  1-form,  it  annihilates  any  vertical  vector  field.  Thus  we  only 
need  to  check  conditions  (i),  (ii)  in  Definition  4.1.4  with  the  kinetic  energy,  or  riemannian 
metric,  instead  of  El-  This  is  the  definition  adopted  in  [2],  p.  234,  cf.  also  [60],  where 
the  dissipative  vector  field  is  defined  through  conditions  (i),  (iii)  with  replacing  the  total 
energy  by  the  kinetic  energy.  For  a  gyroscopic  system,  since  the  energy  function  is  not 
affected  by  including  the  gyroscopic  term,  the  same  remark  applies. 


4.2.  LaSalle  Invariance  Principle  and  Maximal  Invariant  Set 

In  this  section,  we  review  the  LaSalle  Invariance  Principle  and  discuss  various  ways 
to  characterize  the  maximal  invariant  set.  We  consider  the  following  system, 

x  =  X(x),  x  e  Q,  X  G  X(Q).  (4.2.1) 

The  flow  of  X  will  be  denoted  by  which  is  assumed  to  be  a  diffeomorphism  on  Q . 

(xo)  denotes  the  point  in  Q  of  the  flow  of  X  at  time  t  which  starts  from  x0  at  time 
0 .  We  only  consider  the  case  t  >  0  here.  We  have  the  following  notion. 

DEFINITION  4.2.1 

A  set  1  in  Q  is  called  an  invariant  set  for  the  system  (4.2.1)  if,  for  every  y  6  X, 

&x(y)  el,  V  t  >  0.  (4.2.2) 

Let  5  be  a  subset  in  Q ,  I  is  called  the  maximal  invariant  set  in  S  if  1  is  an  invariant 
set  and  if  every  invariant  set  in  S  is  contained  in  X . 

I 

Equivalently,  by  a  straightforward  argument,  we  may  describe  the  maximal  invariant  set 
in  S  as  the  set  of  all  points  y  6  S  such  that 
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*!c(»)  es,  vi>o. 


(4.2.3) 


Accordingly,  to  find  the  maximal  invariant  set  in  S ,  we  need  to  search  for  all  the  points 
y  G  S ,  such  that  the  solution  of 

x  =  X(x), 

*(0)  =  y, 


stays  in  S  forever.  Since  the  solution  x{t )  stays  in  S  for  all  t,  we  could  restrict  the 
vector  field  X  to  the  set  S  and  consider  the  system, 

*  =  *ls  (*)»  ,  , 

(4.2.4) 

a;(0)  =  y  £  S. 


If  the  solution  for  the  system  (4.2.4)  always  lies  in  5,  then  y  must  be  a  point  in  the 
maximal  invariant  set.  On  the  other  hand,  every  point  in  the  maximal  invariant  set 
must  generate  a  solution  of  (4.2.4).  Correspondingly,  we  have  the  following  lemma  to 
characterize  the  maximal  invariant  set  in  S . 


LEMMA  4.2.2 

The  maximal  invariant  set  in  S  of  (4.2.1)  is  the  set  of  all  points  y  6  S  such  that 
the  system  (4.2.4)  generates  a  curve  in  S . 

I 

Now  we  consider  the  case  that  S  is  a  level  set  of  a  smooth  function  /  on  Q ,  i.e. 


S  =  {  x  G  Q  :  f(x)  =  c  }, 


where  c  is  a  constant  in  H.  From  (4.2.3),  it  is  easy  to  verify  that  the  maximal  invariant 
set  in  5  could  be  written  as 

I  =  {  x  €  5  :  /  ($!y(*))  =  c,  V  t  >  0  }.  (4.2.5) 

We  assume  that  both  the  vector  field  X  and  the  function  /  are  analytic.  We  have  the 
Lie  series  formula,  [26], 
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(4.2.6) 


°°  fk 

/(♦*(*))  =  E  **/(*)„ 

fc=0 

°° 

=  /(*)  +  £  Lxf(x)w- 

k=  1 

The  maximal  invariant  set  in  S  could  be  further  written  as,  from  (4.2.5),  (4.2.6), 

I  =  {x£S  :  f(x)  =  c,  Lkxf(x)  =  0,  for  k  =  1,2,...  }.  (4.2.7) 


This  formula  provides  us  a  convenient  and  systematic  way  to  find  the  maximal  invariant 
set.  We  next  recall  LaSalle’s  Theorem.  [40] 


THEOREM  4.2.3  (LaSalle  Invariance  Principle) 

Let  V  be  a  smooth  function  on  Q.  Let  Tc  denote  the  region  where  V(x)  <  c. 
Assume  that  Ec  is  bounded  and  that  within  re ,  we  have 

V(x)  >  0,  for  x  ^  0,  and  F(0)  =  0, 

(4.2.8) 


LxV(x)  <  0. 


Let  TZ  be  the  set  of  points  x  within  Tc,  where  LxV(x)  =  0,  and  let  M  denote  the 
maximal  invariant  set  in  7 Z .  Then  every  solution  x(t)  in  Tc  tends  to  M  as  t  -+  00 . 

I 


A  function  satisfying  (4.2.8)  will  be  called  a  Lyapunov  function,  cf.  [28].  Here,  the  set 
TZ  could  be  written  as 


TZ  =  {  x  e  Tc  :  LxV(x)  =  0  }. 


(4.2.9) 


For  the  analytic  case,  we  could  readily  write  the  maximal  invariant  set  M  in  TZ  as, 
from  (4.2.7), 

M  =  {  x  e  rc  :  LkxV(x)  —  0,  for  k  =  1,2,3,...}.  (4.2.10) 


From  Lemma  4.2.2,  we  could  also  consider  the  system 

*  =  -^1  -r.  (a:)’ 
x(0)  =  y  6  TZ. 


(4.2.11) 


to  find  the  maximal  invariant  set.  Every  trajectory  starting  in  rc  will  approach  this  set 
M  as  t  goes  to  infinity. 
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Now  we  consider  a  hamiltonian  system  with  added  dissipation  (4.1.2).  The 
Hamiltonian  is  by  construction  a  suitable  Lyapunov  function.  From  the  Invariance 
Principle,  we  have  the  following  theorem. 

THEOREM  4.2.4 

Let  rc  =  {p:5’(p)<c}  C  0.  Assume  that  rc  is  bounded.  Then,  as  t  — +  oo, 
every  solution  of  (4.1.2)  in  rc  approaches  the  set, 

M  =  {peT0  :  LkXu  Lxd  H  (p)  =  0,  for  k  =  0,1,2,...  }.  (4.2.12) 


Proof 

We  only  need  to  verify  the  conditions  in  (4.2.10)  are  equivalent  to  the  conditions 
in  (4.2.12).  In  fact, 

LXH  =  LXh+xd  H  =  LXttH  +  LxdH  =  LxdH, 

since  E  is  a  first  integral  along  the  vector  field  Xh  ■  Thus  we  have  the  condition 

LxdH(p)  =  0. 

But,  by  property  (ii)  in  Definition  4.1.1,  this  implies  that  XD(p)  =  0.  It  follows  that 

L\H{p)  =  LXhLXdH(P). 


By  induction,  the  set  in  (4.2.12)  is  equal  to  the  set  in  (4.2.10). 

I 

In  terms  of  the  Poisson  structure,  we  could  write  the  set  in  (4.2.12)  as 
M  =  {PeTc  :  LxdH{p)  =  0,  {H,  LxoH}(p)  =  0, 

(4.2.13) 

{R,  {H,  LxdE}}(p )  =  0,...,  etc.}. 


For  the  lagrangian  system  with  dissipative  force,  cf.  (4.1.5),  the  energy  function  Hl 
is  a  Lyapunov  function.  For  gyroscopic  systems  with  symmetry,  we  can  get  a  similar 
condition  as  in  (4.2.12),  just  by  replacing  p  by  vx,  H  by  Hl.  Moreover,  from  (4.1.9), 
as  proved  in  Lemma  4.1.5,  the  maximal  invariant  set  could  be  further  written  as 

M  =  {vxe  rc  :  LkXHL  u{XHl)  (VX)  =  0,  for  k  =  0,1,2,...  }.  (4.2.14) 
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Also  note  that  for  this  case  the  set  7 Z,  cf.  (4.2.9)  can  be  written  as 


H  =  {  vx  €  rc  :  u(Xhl)  ( vx )  =  0  }. 

From  (4.1.6),  in  local  coordinates,  we  may  simplify  the  expression  as 

7£  =  {(i,«)erc  :  (a(x,v),  v)  =  0}.  (4.2.15) 

Thus  for  a  lagrangian  system  with  dissipative  force  as  defined  in  Definition  4.1.3,  the 
set  7Z  is  greatly  simplified.  With  these  conditions  in  7Z,  we  may  apply  the  techniques 
discussed  before  directly  to  find  the  maximal  invariant  set. 


4.3.  Multibody  Analog  of  Dual-spin  Problem 

In  this  section,  we  apply  the  techniques  developed  before  to  a  problem  which 
is  a  multibody  analog  of  the  dual-spin  problem.  In  the  field  of  spacecraft  attitude 
control  and  stabilization,  the  dual-spin  maneuver  has  an  important  place.  In  designing 
a  communication  satellite  or  an  interplanetary  probe,  engineers  are  often  faced  with  the 
requirement  that  the  spacecraft  be  able  to  maintain  a  fixed  orientation  relative  to  some 
inertial  frame.  The  dual-spin  technique  is  a  simple,  commonly  used  technique  for  meeting 
this  requirement.  A  dual-spin  spacecraft  consists  of  the  spacecraft  body  and  on-board 
motor-driven  symmetric  rotors.  In  the  presence  of  a  suitable  damping  mechanism  and 
for  sufficiently  high  rotor  velocities,  the  attitude  acquisition  can  be  achieved.  The  final 
state  is  a  steady  spin  about  a  fixed  axis.  This  single  rigid  body  dual-spin  problem  has 
been  studied  extensively  before,  e.g.  [36]  [34]  [14]  and  the  references  therein.  A  rigorous 
proof  of  asymptotic  stability  can  be  found  in  [36). 

We  consider  a  similar  system  as  described  in  Section  3.5.  But  now  we  mount  rotors 
on  each  body  and  obtain  an  assembly  as  shown  in  Figure  4.3.1.  Here  the  reference  inertial 
frame  is  placed  at  the  center  of  mass  of  the  assembly.  This  corresponds  to  reduction  with 
respect  to  the  translational  invariance  of  the  system,  as  discussed  in  Section  3.5.  Ignoring 
the  specific  kinematic  relationships  between  the  rotors  and  the  bodies,  the  unconstrained 
configuration  space  Qu  is  parametrized  by  the  attitudes  of  these  eight  bodies, 
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Figure  4.3.1.  Two  Rigid  Bodies  with  Rotors 


Qu  —  {  (B\,  Si,  S2,  S3,  B2,  D\,  D2,  D3 )  }, 

,  ,  (4.3.1) 

=  50(3)  x  (50(3))3  x  50(3)  x  (50(3))  . 

To  account  for  the  body-rotor  relations,  we  have  the  following  constraints  between  the 
attitudes, 


Si  =  B\ R(xi,  8i),  i  =  1,2,3, 

Di  =  B2R{yi,4>i),  i=  1,2,3. 

where  R(x{,0i)  is  the  rotation  about  the  x,  axis  by  the  angle  9 e.g. 

(cos  63  sin  63  0\ 

-sin  ^3  cos  63  0  1. 

0  0  lj 


(4.3.2a) 

(4.3.26) 


(4.3.3) 
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With  these  constraints,  the  configuration  space  is  then 


Q  =  50(3)  x  (51)3  x  50(3)  x  (51)3. 


Assume,  for  convenience,  the  centers  of  mass  of  rotors  5;  are  at  the  center  of  mass 
of  carrier  body  B\ ,  and  the  centers  of  mass  of  rotors  £>,-  are  at  the  center  of  mass  of 
the  carrier  body  B2  .  It  can  be  easily  found  from  Figure  4.3.1  that  we  have  the  following 
kinematic  constraints, 


=  ri, 

i  —  1,2,3, 

(4.3.4a) 

rDi 

=  r2, 

i  =  1,2,3, 

(4.3.46) 

r2 

=  rx  - 

B\d\  +  B2d2 , 

(4.3.4c) 

(mi  +  ms)  ri 

=  ~(m2 

+  m„)  r2, 

(4.3.4d) 

with 


ms  —  mSl  -f-  mS2  +  m$3, 


mD  =  mDl  +  mD2  +  mDz, 

where  m1 ,  ms. ,  m2 ,  mn.  are  the  masses  of  the  corresponding  bodies.  Relation  (4.3.4d) 
realize  the  fact  that  the  reference  inertial  frame  is  located  at  the  center  of  mass  of  this 
mechanical  system.  By  using  standard  techniques,  cf.  (3.5.2),  the  total  kinetic  energy  of 
the  system  can  be  written  as 

T  =^ml\rl\2  +  |  fr  (BihBl)  +  |m2|f2|2+  ^tr  (B2I2B%) 

+  +  \tr^iIs<  ^*T)) 

+  +  IhmdM))* 

where  I\ ,  J2 ,  J5. ,  lDt  are  the  coefficients  of  inertia  of  the  corresponding  bodies. 
Assuming  there  is  no  potential  energy,  the  Lagrangian  on  the  tangent  bundle  to  the 
unconstrained  configuration  space  Qu  can  be  written  as,  cf.  (3.5.3), 


L 


=  |  tr  (Br  h  Bl)  +  i  tr(B2  I2  Bj)  +  |  £  |  Bxdx  -  B2d2  |2 


+ 


\  E  (*K&  J5.  Sf)  +  ID,  Djj)  , 


(4.3.5) 
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where 


A  (mi  -f  m5)(m2  +  mD) 
mi  +  ms  +  m2  +  mD 

is  the  reduced  mass.  Now  we  let 


Bi  —  1?2  =  Bo  CI2, 


which  are  kinematics  of  50(3).  Since  5,-  =  BiR(xi,9i),  we  have 

5<=  BiR(xu9i)  +  BiR(Xi,9i)  =  +  3i)R(xi,  9{). 


and  thus 


fis,  =  R(xi,9i)TQi  +  si, 

where 


We  can  then  write 


tr(Si  ISi  Sf)  =  tr  ((£li  + Si)R(xi,9i)IsiR(xi,6i)T({li  + Si)7')  . 


We  naturally  assume  that  the  rotors  have  material  symmetry  about  the  axis  of  rotation, 
i.e. 


R(xi,9i)  ISi  R(xi,9i)T  =  ISi, 

and  we  get 

tr(Si  Isi  Sf)  =  tr  (^(Cli  +  Si)lsi  (fii  +  -St)T)  =  <  +  I5t.(0i  +  Sj)  >e  ■ 

Similar  derivations  can  be  applied  to  the  rotors  Vi .  By  substituting  these  formulae  in 
(4.3.5),  the  Lagrangian,  L  :  TQ  —►  H,  can  then  be  written  as 
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L(B\,  $i,  B2,  4>i,  fli,  Oi,  fl2,  4>ii  *  =  1)2,3) 

=  2  <  ^1)  Jl^l  >E  +2  <  ^2,  J2^2  >E  +£  <  ftl,  d\Bi  B2d2Q,2  >E 

+  \  <  0,IS0  >E  +  <  fll,  IS0  >E  +5  <  $,ID$  >E  +  <  n2,  1°*  >£  • 

(4.3.6a) 


with 


3 

Ji  =  Ii  +  £  d\  di  +  Is, , 

i=  1 
3 

J2  =  I2  +  e  d\  d2  +  53  Iz)‘  ’ 

t=i 

Is  =  diag((ISl)i  ,(Is2)2  ,(153)3), 
ID  =  diag((I Dl)i  ,(IDa)2  ,(Ids)3), 


(4.3.66) 


where  (Is,  )j  denotes  the  j-th  diagonal  element  in  the  moment  of  inertia  matrix  Is*  •  The 
physical  meaning  of  Ji  is  that  it  is  the  total  moment  of  inertia  of  B\  plus  rotors  referred 
to  the  joint.  The  notation  <,  >e  refers  to  the  Euclidean  inner  product.  For  simplicity, 
we  omit  the  subscript  E  in  the  following. 

With  this  Lagrangian  (4.3.6),  we  now  apply  a  similar  theorem  as  Theorem  2.2.1 
to  derive  the  dynamical  equations  for  the  multibody  dual-spin  problem.  Let  L  be  the 
Lagrangian  function  expressed  in  terms  of  the  variables 


(B\,  0,B2,  0,1?2,$)  €  TQ. 


First,  we  need  to  find  the  differential  of  L  in  a  form  analogous  to  (2.2.6).  It 
can  be  found  by  the  following  procedure.  Let  (f7i,  U2,  U2,  U4,  W\,  W2,  W3,  W4)  G 
T{Bl  ©  B2,$,s1,©,s2,<j)^’<3 ,  which  can  be  written  as  the  form,  cf.  (2.2.3), 

(B\  u\,  u2 ,  B2  U3,  v.4,  Bi(uiCli  +  uq),  w2,  B2(u2Cl2  +  t&3),  w*)' 


It  generates  a  curve  in  TQ  given  by 


(^Bxe€<il,  Q  +  eu2,  52e€“%  $  +  eu4,  Bxe€Ul(Cli  +  e^),  0  +  ew2, 

B2eiU7(Q2  +  etZi3),  $  +  €w4). 
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Here  we  have 

dL-{Uu  U2,  U3,  UA,  Wu  W2,  W3,  W4) 

=  —  L(BietUl,  &  +  eu2,  B2etu 2,  $  +  <ru4, 
ae  €=0 

B\etUl{Cli  +  eiij),  0  +  e  u;2 ,  B2ee  “2(Q2  +  e  tw3),  4  +  eu;4) 

=  4-  L(B\eeUl ,  0  +  cu2,  B2etUi,  $  +  ew4, 

“e  t  =o 

fli+e^i,  0  +  eu>2,  fi2  +  et£;3,  4>  +  eu;4) 

=  <  Bb^L^BiUx  >  +{— ,  u2)+  <  Db2L,B2u2  >  +(— ,  u4) 

,  ,  dl  .  .51  ,  .  dl  .  ,dl 

+  W  ””>  +  (a5’  “*>  +  W  ”3>  +  (al' 

The  canonical  form  for  dL(Bi,  0,  B2,  $,  Bi,  Q,B2 ,  $)  is,  cf.  (2.2.6), 

+ax),  a2,  B2(b2Cl2  +  da),  a4,  Ui&i,  b2,  B2b2,  b 4^  . 

Let  iVj ,  jV2  be  given  by  the  formula 

DBxL  =  B\Ni,  Db2L  =  U2iV3, 


we  have 

„  aX  dl 

«l  =  iV4,  a2  =  — ,  a3  =  1V3,  a4  =  — , 

,  ax  ,  ax  ,  ax  .  ax 

61  ■  a<v  2  ■  50’  63  ■  asv  64  ■  a4>’ 

and  we  get  the  form  of  elements  in  (2.2.7), 

D'L  =  (*<!£*■  +  **>.  &  +  w). 

n  r  _  fn  JL  d±  B  JL 

D2L  l5laiv  a©’  52afi2’  a$  j ' 


(4.3.7) 


Next  we  assume  there  exist  torques  on  each  joint.  We  interpret  these  torques  as  horizontal 

1-forms  on  TQ .  In  general,  without  the  kinematic  constraint,  we  have  the  general 

representation  for  a  horizontal  1-form  on  the  unconstrained  tangent  bundle,  TQU, 

3  3 

u>  =  B\T\  dB\  4-  J2  SiTSi  dSi  +  B2T2  dB2  +  DjTcii  dD{. 
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Assume  that  the  torque  on  the  spherical  joint  is  TJ  in  the  body  2  frame.  Ts{ ,  Tp, 
denote  the  torques  exerted  on  the  driven  rotors  and  damping  rotors  respectively.  We 
assume  there  is  no  external  torques.  By  the  nature  of  the  torques,  (Newton’s  third  law), 
we  know  that 


3 

B\T\  =  ~Y,SiTSi-  B2Tj 
»= 1 

3 

B2T2  =  DiTDi  +  B2Tj 

i=i 


which  implies 

3 

Tx  =  -  R(xi,  9i)Tsi  ~  BTJ 

t= 1 

3 

T2  =  ~'£R(xi,<j>i)TDi+TJ 

»=i 


where  B  =  BfB2  is  the  relative  shape.  Let  u>  act  on  a  special  tangent  vector 
u-iB^  A1(  0,  B2  A2,  $,  Wu  W2,  W3,  WA) 

3 

=  <  T\,  fix  >  +  ^2  <  Tst,  +  Si  > 


x= 1 


+  <  T2,  $l2  >  +  ^2  <-  R(xi^i)T^2  +  > 

i=l 

3  3 

=  <  - BTJ ,  fix  >  +  Y2  <  r-5i>  s«  >  +  <TJ,  n2>  +  ^2  <  di  > 


(4.3.8) 


t=i 


t=i 


Thus  the  horizontal  1-form  corresponding  to  the  torques  can  be  written  as 

w(J?i,  0,  B2 ,  $,Bi,Q,  B2,  4) 

3  3 

=  B^-BT^dB^  +  J3(rSi)i<Wi  +  B2TJdB2  +  £(rDi)fd& 


Let 


“*5  _ 


1=1 

i= l 

(Tsjl\ 

/(Tdj)  l\ 

(rS3)2  , 

rD  =  (2ba)2  , 

(Ts3hJ 

where  (Tsf  )j  denotes  the  j-th  component  of  the  vector  .  Then 

a  =  fai-BT-1),  Ts,  B2fj,  Td )  . 
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We  are  ready  to  apply  formula  (2.2.7).  The  first  component  is  worked  out  here. 
The  others  can  be  found  in  a  similar  way.  From 


p  A  dL  ,  p  d  dl 

BiClim; +  BiTtdsh 


-  *  (zip +*!+(-**))  =  o, 


we  get 


—Mx  =  -Qx  x  Mx  +  Nx  -  BTJ , 


where  Mx  =  .  This  can  be  rewritten  in  terms  of  Clx ,  etc.  Explicitly,  we  get  the 

dynamical  equations  of  the  system  in  terms  of  variables  in  TQ . 

Jifii  +IS0  +  ediBd2n2  =  -^ix(Ji^i  +  IsQ)-£d1BCl2d2^2-BTJ, 

J2n2  +  ID^  +  £d2BTdith  =  -Q2x(32Q2  +  ID^)-ed2BTCl1d1Qi  +  TJ, 

I  S(fti  +  0)  =  Ts , 

(4.3.9) 

ID(fi2  +  $)  =  Td, 

B\  =  Bi&i, 

b2  =  b2Ci2. 


It  is  easy  to  see  that  the  RHS  of  the  dynamical  equations  (4.3.9)  only  depend  on  the 
relative  shape  variable  B .  Thus  we  may  do  one  immediate  reduction,  namely  replacing 
the  kinematics  of  Bx  and  B2  by  the  kinematics  of  B ,  or 


B  —  BCl2  —  ClxB. 


(4.3.10) 


Thus  the  dimension  of  the  dynamical  system  is  dropped  by  3.  This  corresponds  to 
the  Poisson  reduction  with  respect  to  the  50(3)  action.  The  equilibrium  points  of  the 
reduced  system  are  termed  relative  equilibria. 

For  the  realization  of  the  multibody  dual-spin  control  structure,  the  following 
feedback  laws  are  used, 

Ts  =  Isfii, 

Td  =  -/?$,  (4.3.11) 

TJ  =  -7(ft2-5rfti), 
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where  /3 ,  and  7  are  positive  definite  matrices.  The  first  equation  in  (4.3.11)  makes  the 
relative  angular  velocities  between  the  driven  rotors  and  B\  be  constants.  The  other 
two  equations  signify  damping  torques  on  the  damping  rotors  and  the  joint.  With  these 
feedback  laws  and  (4.3.10),  we  may  write  the  dynamical  equations  (4.3.9)  as 

Jifli  4-  £  d\Bd2tl2  =  —Hi  x  (Jifii  +  1^0)  -  s  ^2^2  -(■  ^7(^2  —  -BTfli), 


•^2^2  4*  £  d,2BT d\tl\  =  —  0,2  x  (J2O2  4"  1^4?)  —  £  d2BTtl\diCli 

-7(fi2-5TQ1)  +  /3$, 


ID(li24-#)  =  -/?$, 

B  —  B&2  —  (l\B, 


(4.3.12) 


where  0  is  a  constant  vector.  Let 


Pi  —  Ji  Qi  4"  £  d\  B  d3  2> 

(4.3.13a) 

P2  =  IS0, 

(4.3.136) 

P3  =  (J2  —  1°)  f^2  +  £  d2  BT  di  Q\ , 

(4.3.13c) 

p4  =  I°(J22  +  *), 

(4.3.13d) 

be  the  corresponding  conjugate  momenta,  we  can  express  the  dynamical  equations  (4.3.9) 
in  terms  of  p;  variables, 


pi  =  -fi!  X  (p1+p2)-£diCl1Bd2Cl2  -  7(^1  -  B&2), 

P2  =  0. 

P3  =  -a2x(p3+pA)-£Si2BTdiai-1(Ci2-BTCi1)  +  ^,  (4-3-14) 

P4  =  -/?$, 

B  =  Bh2-hiB. 

Here  fii ,  and  4>  are  the  expressions  of  Qi ,  Q-2 ,  and  $  in  terms  of  p,- ,  respectively. 
These  expressions  can  be  found  through  (4.3.13).  Later  on  equations  (4.3.12)  will  be 
referred  to  dynamics  on  the  TQ  side,  while  equations  (4.3.14)  will  be  referred  to  dynamics 
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on  the  T*Q  side.  By  the  symmetry  of  the  system,  we  immediately  have  a  first  integral 
of  the  system,  namely,  the  magnitude  of  total  angular  momentum  vector  is  conserved, 

I  Pi  +  P2  +  B(P3  +  Pi)  |2  =  constant.  (4.3.15) 


4.4.  Asymptotic  Stability 

The  multibody  dual-spin  problem  can  be  put  into  the  general  framework  of 
gyroscopic  systems  with  symmetry  with  exterior  force.  With  a  constant  0 ,  the 
configuration  space  should  include  only  B\ ,  f?2 ,  and  $ .  Thus  we  may  drop  the  quadratic 
term  in  0  in  (4.3.6),  and  get  the  Lagrangian 

Z(f?i,  i?2,  4>ii  fix,  ^2,  $) 

—  —  <  fix,  JlSll  >  <  fl2i  J2^2  >  +£  <  Hi,  B2d2£L2  >  (4.4.1) 

+  i  <  *,1°*  >  +  <  fi2,  ID$  >  +  <  fix,  Is 0  >  . 

The  last  term  in  the  Lagrangian  is  the  so-called  gyroscopic  term,  since  it  is  linear  in  fix . 
We  are  now  ready  to  establish  an  asymptotic  stability  theorem.  For  this  system,  the 
torque  formula  (4.3.11)  give  rise  to  a  dissipative  force  in  the  sense  of  Definition  4.1.2.  In 
fact,  from  (4.3.8),  we  have 

u(XHl)(Bu  B2,  Mx,52,$) 

=  <  -BTJ,  fix  >  +  <  TJ,  fl2  >  +  <  TD,  $  >  (4.4.2) 

=  -<$,/?§>  -  <  fl2  -  BTQ i,  7 (fl2  -  £Tfii)  >  . 

It  is  readily  checked  that  this  exterior  force  satisfies  the  conditions  in  Definition  4.1.2, 
and  thus  is  a  dissipative  force.  As  discussed  in  Section  4.2,  the  energy  function  for  this 
system, 

El  =  —  <  fix,  Jxflx  >  +—  <  H21  J 2^2  >  +£  <  flii  diBj B2d,2^2  > 

2  2  (4.4.3) 

+  |  <  $,ID$  >  +  <  fl2,  lD$  >, 

is  a  suitable  Lyapunov  function.  This  is  an  analog  of  the  core  energy  used  in  [34]  to 
justify  the  energy-sink  method  and  used  in  [36]  to  prove  asymptotic  stability.  In  the 
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absence  of  damping  (  i.e.  7  =  /?  =  0  ),  the  system  is  a  hamiltonian  system  on  the 
TQ  side  with  Hamiltonian  function  Hi,.  This  is  clear  from  the  construction. 

We  may  now  apply  LaSalle  Invariance  Principle.  Consider  the  dynamical  equation 
(4.3.12).  First,  we  define  the  momentum  variety  in  TQ/G  as, 

MP2  ~  e  H9  X  50(3)  :  |pi  +  P2  +  B(p$  +  p4 )  | 2  =  A*2},  (4.4.4) 

which  is  parametrized  by  P2 ,  and  p ,  since  P2  is  a  constant  along  any  trajectory.  Here 
Pi)  P3)  P4  should  be  thought  as  functions  of  the  variables  in  the  underlying  space.  From 
(4.3.15),  the  dynamical  motion  leaves  the  momentum  variety  invariant.  This  will  be  the 
domain  of  our  analysis  later  on. 

The  set  1Z  discussed  in  Section  4.2  could  be  now  written  as 

n  =  {(f lltCl2,*,B)eM£  :  $  =  0,  CI2  -  BTSl\  =0}.  (4.4.5) 

From  (4.3.14),  the  set  of  equilibria  in  Mg2  can  be  written  as 

=  |(fii,n2,4,5)elR9x50(3):  | p  +  P2  |2  —  p2 , 
Pi=p-(BJ2+ed1Bd2)(IDrlP4, 

P3  =  ed2BTd1J^p+  (J2  -  lD  -ed2BTdlJ-1BJ2)(ID)-1Pi, 

4*  =  0,  0,2  —  BT  0\  —  0, 

—  0\  x  -|- 1^0  )  —  e  =  0) 

—  O2  x  J2H2  —  £  d2BT 0\d\0\  =  0 

This  set  is  in  one-to-one  correspondence  with  the  set  of  equilibria  of  the  gyroscopic 
system  obtained  by  setting  <1  =  0 .  See  also  Section  7.3.  Now  we  characterize  the 
maximal  invariant  set  in  7Z.  Since  7Z  can  be  written  as  the  level  set  of  two  functions, 

/2(fii,n2,M)  =  o2  -btou 

we  can  find  the  maximal  invariant  set  using  (4.2.7)  and  these  two  functions.  For  k  =  1 
in  (4.2.7),  we  ask, 

Lxfi  =  0,  Lxf 2  =  0,  on  7 Z, 
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which,  in  term,  give  us  the  conditions 


fij  =  0,  =  0. 

From  (4.3.12),  we  then  get 

—  Cli  X  +  1^0  )  —  £  =  0) 

— &2  X  J2H2  —  £  d2BT —  0. 

We  thus  proved  that  the  maximal  invariant  set  is  exactly  the  same  as  the  set  Y1  a*,P2  °f 
equilibria  for  (4.3.12).  From  Theorem  4.2.3,  we  know  that  each  trajectory  will  approach 
the  maximal  invariant  set  in  the  limit.  We  can  thus  conclude  the  following  theorem. 

THEOREM  4.4.1 

The  mechanical  system  (4.3.12)  asymptotically  approaches  one  of  the  stable 
equilibria  in  M)P2 ,  or  the  equilibria  of  the  limiting  hamiltonian  system. 

I 

The  limiting  motions  of  the  system,  i.e.  the  relative  equilibria,  could  be  char¬ 
acterized  by  the  Principle  of  Symmetric  Criticality  with  gyroscopic  term.  The  system 
behavior  is  affected  by  changing  the  gyroscopic  field,  which  corresponds  to  altering  the 
driven  rotor  velocity  here.  These  issues  will  be  discussed  in  more  detail  later. 


4.5.  Partial  Damping 

For  coupled  hamiltonian  systems  with  added  dissipation,  it  is  not  necessary  to  put 
damping  mechanism  at  every  interconnection.  This  is  because,  intuitively,  the  energy 
will  transmit  from  one  body  to  the  other  bodies,  and  thus  will  be  damped  out  at  some 
connections  by  the  damping  mechanism  there.  On  the  other  hand,  if  we  only  put  one 
damping  unit,  the  system  may  be  driven  into  a  nontrivial  motion.  The  following  two 
examples  discuss  these  cases  clearly. 

EXAMPLE  4.5.1 

We  consider  the  mechanical  system  described  in  Figure  4.5.1.  This  is  a  simple 
system  including  four  bodies  lined  up  and  connected  with  springs.  In  this  example,  we 
put  the  dashpot  (damping  unit)  f3  in  the  last  spring. 
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X1  X2  x3  X4 

Figure  4.5.1.  Four  Bodies  Connected  by  Springs  I 

The  configuration  space  for  this  system  is  IR.4 ,  denoted  by  x  =  (x4, x2 ,£3,2:4 ). 
Assuming  the  reference  lengths  of  the  springs  are  a4,  a 2,  a3  respectively.  We  could 
write  the  kinetic  energy  and  potential  energy  as  follows. 

T  =  i  (m!Xi  +  mix\  +  7713X3  +  m4i|), 

[  !  !  (4-5.1) 

V  =  -ki(x2  -  xi  -  ai)2  +  -  £2(x3  -  x2  -  a2)2  +  -  k3(x4  -  x3  -  a3)2. 

The  Lagrangian  for  this  system  is  L  =  T  —  V .  The  exterior  force  is  a  viscous  friction 
coming  from  the  dashpot.  We  may  model  it  as  a  horizontal  1-form  in  the  following  way 

u  =  (0,  0,  -/?(x3-x4),  -/?(x4-x3),  0,  0,  0,  0).  (4.5.2) 

We  now  apply  Lagrange-d’Alembert  Principle.  The  dynamical  equations  of  this  system 
could  be  found  as 

mixi  =  £x(x2  -  Xi  -  di), 

m2x2  =  —  &i(x2  —  Xi  —  ai)  +  £2(x3  -  x2  -  a2), 

(4.5.3) 

m3X3  =  -  &2(x3  -  X2  -  c2)  +  £3(x4  -  X3  -  d3)  -  jS(x3  -  X4), 
m4x4  =  -£3(2:4-  2:3-03)  -  /?(X4  -  i3). 

It  is  obvious  from  equation  (4.5.3),  also  from  the  Lagrangian  (4.5.1),  that  the  system  is 
invariant  under  a  translational  motion.  We  may  thus  do  one  reduction  with  respect  to 
this  symmetry.  Let  v  =  (tq,  u2,  r3,  u4)  =  x,  and 

di  =  x2-xi,  d2  =  x3-x2,  dz  =  x4-x3. 

The  reduced  dynamics  may  be  written  as,  from  (4.5.3), 
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di  =  v2  -  v\,  (4.5.4a) 

d2  =  v3  -  v2,  (4.5.4 6) 

d3  =  v4  -  v3,  (4.5.4c) 

m \Vi  =  k\(d\  -  ai),  (4.5.4d) 

m2v  2  =  -k\{di—ai)  +  k2(d2  -  a2),  (4.5.4e) 

m3v3  =  -  k2(d2-a2 )  +  k3(d3  -  a3)  -  0{v3  -  t?4),  (4.5.4/) 

m4u4  =  -k3(d3-a3)  -  0(v4-v3).  (4.5.4fif) 


Relative  equilibria  are  those  states  satisfying 

dx  =  ax,  d2  =  a2,  d3  —  a3, 

(4.5.5) 

v\  =■  v2  —  v3  =  v4  =  constant, 

namely,  the  four  bodies  move  at  the  same  speed  without  deformations  in  the  springs. 
It  is  easy  to  see  that  u  in  (4.5.2)  is  a  dissipative  force  and  the  solutions  approach  the 
maximal  invariant  set  in 

Tl  =  {  (dx,d2,d3,v)  :  t>3  — u4  =  0}. 

The  dynamical  equations  (4.5.4)  restricted  to  7 Z  can  be  found  as,  with  d3  =  d3o  a 
constant, 


di  =  v2  -  vlf 

(4.5.6a) 

d2  =  v3  -  v2, 

(4.5.66) 

miii  =  kx(di  -  ax), 

(4.5.6e) 

m2v2  =  -  ki(dx  -  ax)  +  k2(d2  -  a2), 

(4.5.6d) 

m3v3  =  —  k2(d2  —  a2 )  +  k3(d3  -  03), 

(4.5.6e) 

m4u4  =  -  k3(d3  -  a3). 

(4.5.6/) 

We  are  looking  for  the  initial  conditions  of  (4.5.6)  satisfying 

d3(0)  =  d30,  u3(0)  =  v4(0), 
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X1  X2  *3  X4 

Figure  4.5.2.  Four  Bodies  Connected  by  Springs  II 

and  leave  the  trajectories  stay  in  7Z .  We  require  that  i>3  =  i}\  and  get  the  relation, 
from  (4.5.6d),  (4.5.6e), 

m4/;2(d2  -  a2)  =  (m3  +  m^k^d^o  -  a3). 

Since  all  the  elements  except  d2  are  constant,  d2  must  be  a  constant  as  well.  Thus  from 
(4.5.6b),  we  have  u2  =  u3 .  By  similar  arguments,  we  get  the  following  conditions  for  the 
states  along  the  trajectories, 

d\  =  dio,  d2  =  d2  0,  d3  =  d30, 

V\  =  U2  =  U3  =  tt}  =  u. 

On  the  other  hand,  there  is  a  conserved  quantity  of  this  system,  i.e.  the  total  linear 
momentum, 

m\V\  +  m2u2  +  m3v3  +  =  const. 

It  follows  that  v  =  Vo ,  a  constant  speed,  and 

dio  —  oi)  d2  0  =  a  2,  d3o  =  «3- 

Consequently,  only  the  initial  conditions  satisfying  (4.5.5)  will  leave  the  restricted 
dynamics  stay  in  7Z.  The  maximal  invariant  set  in  7Z  is  thus  the  same  as  the  set  of 
relative  equilibria.  We  conclude  the  asymptotic  stability  of  this  system. 

I 

EXAMPLE  4.5.2 

We  consider  a  mechanical  system  similar  to  the  one  discussed  in  Example  4.5.1. 
The  only  difference  is  that  we  put  the  dashpot  (damping  unit)  / 3  in  the  middle  spring, 
as  depicted  in  Figure  4.5.2. 
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The  Lagrangian  for  this  system  is  the  same  as  before,  while  the  exterior  force  is  different 
now,  cf.(4.5.2), 

w  =  (0,  -P(x2  -x3),  -0(x3-x2),  0,  0,  0,  0,  0).  (4.5.7) 

Following  similar  arguments  and  notations,  we  get  the  reduced  dynamical  equations  for 
this  system,  (from  (4.5.1), (4.5. 7)), 


di  =  v2  -  »i,  (4.5.8a) 

d2  =  v3  -  v2,  (4.5.8 6) 

dz  =  V4  -  v3,  (4.5.8c) 

mivi  =Ai(«fi-ai),  (4.5.8d) 

m2v2  =  —  ki(d\  —  ai)  +  k2(d2  —  a2)  —  fi(v2  —  v3),  (4.5.8e) 

^3^3  =  —  k2(d2  —  a2)  +  k3(d3  —  a3)  —  f3(v3  —  u2),  (4.5.8/) 

m4u4  =  -k3(d3-a3).  (4.5.8  g) 


The  conditions  for  relative  equilibria  are  the  same  as  before,  i.e.  (4.5.5).  We  are  looking 
for  the  maximal  invariant  set  in 

H  =  {  (d1,d2,d3,v)  :  v2  —  v3  ~  0  } . 

The  dynamics  restricted  to  7 Z  could  be  written  as,  with  d2  =  d20  a  constant  here, 


cf.(4.5.6), 

d\  =  v2  —  v\,  (4.5.9a) 

d3  =  Vi  -  v3,  (4.5.96) 

m\v\  =  ki(d2  -  ai),  (4.5.9e) 

m2v2  =  -  ki(d2  -  ai)  +  k2{d2  -  a2),  (4.5.9d) 

m363  =  -  k2(d2-a2 )  +  k3{d3-a3),  (4.5.9e) 

m464  =  -  k3(d3  -  a3),  (4.5.9/) 


with  initial  conditions  satisfying  v2(0)  =  u3(0).  From  the  relation  i>2  —  v3  in  71  and 
(4.5.9d),  (4.5. 9e),  we  get  the  equation 
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m3ki(di  -  ai)  +  m2k3(d3  -  a3)  =  (7712  +  7713)^2(^20-02). 


(4.5.10) 


By  taking  time  derivatives  on  both  side  of  (4.5.10),  we  obtain 

m3kidi  +  m2k3d3  =  0. 


With  (4.5.9a),  (4.5.9b),  we  find  another  relation, 

-m3kiVi  +  m2k3V4  +  (m3ki  -  m2k3)v2  =  0. 


Taking  time  derivative  on  each  term  once  more  and  using  (4.5. 9c), (4.5. 9d),  (4.5.9f),  we 
have 


/  7713  k  \ 

V  mi 


(7773^  -  m2k3)ki\  m2kl 

-  («i  —  Oi ) - 

7712  J  7774 


(d3  —  a3) 


(m3kx  -  m2k3)k2 


(4.5.11) 
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(d2o  -  02)- 


Now  equations  (4.5.10),  (4.5.11)  form  two  equations  for  two  variables  d3,  d3.  II'  these 
two  equations  axe  nonsingular,  we  could  solve  for  d2,  d3  which  are  then  constants  along 
the  solution.  It  could  be  found  that  the  condition  for  singularity  is 

7712 (7773  -  7774)  +  ————(7772  —  7774)  =  0.  (4.5.12) 

7774  TTl\ 


With  similar  arguments  as  the  discussion  at  the  end  of  Example  4.5.1,  we  conclude 
that  generically  the  trajectories  of  the  system  (4.5.8)  approach  the  set  of  relative 
equilibria  asymptotically.  For  the  system  satisfying  (4.5.12)  the  limiting  dynamics 
exhibits  nontrivial  behavior. 

I 


The  above  two  examples  illustrate  the  point  that  partial  damping  may  either  ensure 
asymptotic  stability  or  else  drive  the  system  into  a  resonance  state.  Now  we  consider 
the  mechanical  system  discussed  in  Sections  4.3,  4.4  again.  Instead  of  putting  damping 
on  both  the  ball-in-socket  joint  and  damping  rotors,  we  only  install  damping  mechanism 
on  the  damping  rotors.  Namely,  the  torque  law  is  now,  cf.  (4.3.11), 


Td  =  -/?$, 
TJ  =  0. 


(4.5.13) 
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The  force  generated  by  these  torques  is  still  a  dissipative  force,  with  the  zero  set, 
cf.  (4.4.5), 

n  =  (((lIt!l2,M)eM;  :  $  =  0  }.  (4.5.14) 

The  dynamics  restricted  to  TZ  could  be  written  as,  from  (4.3.12), 

Jifli  +  e  dxBditli  =  —  17i  x  (Jifli  +  I50)  —  e  di-Bfi2d2f22,  (4.5.15a) 

J202  +  £  d2BT  d\tl\  =  — fi2  x  J2fl2  —  £ d2i?TQidiQi,  (4.5.156) 

r°(^2  +  4)  =  0,  (4.5.15c) 

B  =  B(l2  -  0i5,  (4.5.15 d) 

with  initial  conditions  satisfying  4(0)  =  0.  To  have  the  solutions  in  TZ,  it  is  required 

that 

4  =  0. 

It  follows  that,  from  (4.5.15c),  that  fi2  =  fi2o,  a  constant  vector.  Thus  (4.5.15)  could 
be  further  written  as 


Jilii  =  —  fii  x  (Jiflj  +  I5@)  —  £  d\ l?fi2od2fl2o 5  (4.5.16a) 

£  d2BT  d\tl\  —  — fi2o  X  J2fi20  ~  £  d2BT Clidid\,  (4.5.166) 

B  =  J9fi2o  —  &iB,  (4.5.16c) 


We  are  looking  for  initial  conditions  such  that  the  solution  of  (4.5.16)  will  stay  in  TZ 
forever.  From  (4.5.16a),  (4.5.16b),  we  immediately  have  the  relation 


d2BT 


diJ1 1  (^Cli  x  (J 


i£2i  +  I  0)  +  s  ^1-51720^2^20  )  d.2BT  Cl\d.\SL\ 


(4.5.17) 


=  —  fl2o  X  J2fi20. 
£ 


For  simplicity,  we  let 

/  =  ISQ, 

P  =  x  (J^fii  -(-  /)  4-  £  d\ jBQ2od2fl2o- 
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By  taking  derivatives  on  each  element  in  (4.5.17),  we  get 

d2BT(^Clx  -  5^0)(d1Jf1P  -  ClJ^  +  Ed^diB^o  -  o 

-  +  /)  -  diJ^CliP  +  JpPdxftx  +  =  0. 

(4.5.18) 

Equations  (4.5.17),  (4.5.18)  form  a  set  of  six  equations  with  six  unknowns.  If  we  could 
solve  the  equations  for  fix ,  B ,  Theorem  4.4.1  could  be  established  as  well  for  the  partial 
damping  case. 


4.6.  Decoupling  by  Driven  Torque  Feedback 

For  coupled  mechanical  systems,  such  as  the  one  shown  in  Figure  4.3.1,  decoupling 
of  motions  is  always  an  interesting  issue.  Here  we  consider  the  two  bodies  system  and 
propose  a  scheme  which  makes  the  motion  of  one  body  be  decoupled  from  the  motion  of 
the  other  body.  The  configuration  is  similar  to  the  one  discussed  in  Section  4.3,  except 
that  the  joint  damping  mechanism  and  damping  rotors  are  taken  out,  and  the  speed  of 
driven  rotors  on  body  1  is  varied.  From  (4.3.9),  the  dynamical  equations  for  this  system 
can  be  written  as, 

Jifli  +  IS0  +  £  diBditli  =  —  fix  x  (Jifii  +  I50)  —  e  diBCli^Sli,  (4.6.1a) 


J2f^2  4"  £ d<iBT d\tl\  —  —  fi2  x  J 2 —  £  d,2BT tl\d\Sl\,  (4.6.16) 

Is(fix  +  0)  =  Ts ,  (4.6.1c) 

Bi  =  BiCli,  (4.6. Id) 

Bi  =  Bo&t-  (4.6. le) 

The  control  here  is  the  driven  torques  Ts .  It  can  be  checked  that  with  the  control  law, 
T ^  =  —  (flj  x  I^(fix  +  0)  +  s  dx5fi2d2fi2  4~  £  di_Z?d2fi2) ,  (4.6.2) 

equation  (4.6.1a)  can  be  found  to  be 
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(Ji-I5)^  =  -Ox  x  (Ji  -Is)Qx, 


(4.6.3) 


which  is  the  Euler’s  equation  for  a  rigid  body.  Thus  the  motion  of  Body  1  exhibits  the 
single  rigid  body  motion  with  modified  inertia  tensor.  From  (4.6.2)  and  (4.6.1b),  we 
could  further  write  the  motion  of  Body  2  as 

J202  —  ~  02  X  J2Q2  —  £  d2BT  0\d\0i 


+  ed2BTd1(J1  -  Is)_1(fii  x  (Jr  -  Is)Ox). 


(4.6.4) 


By  substituting  the  expression  of  02  in  (4.6.2),  we  get  a  quadratic  feedback  law  for  the 
driven  torques, 


T  ss  —  I  fii  x  I  (f2i  +  0)  +  £  d\BCl2d2^t2  4”  £  d\Bd,2  J2 


-1 


—  0,2  X  J2^2 


sd2BT01d101  +  sd2BTd1(J1  -  Is)"1  (fti  x  (Jj  -  Is)fii) 


(4.6.5) 


With  this  velocity-dependent  feedback  (4.6.5),  we  could  thus  decouple  the  motion  of 
Body  1  from  the  motion  of  Body  2,  though  the  motion  of  Body  2  (4.6.4)  is  highly 
affected  by  the  motion  of  Body  1. 
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CHAPTER  V 
Stability  Analysis 


In  this  chapter,  we  discuss  the  notion  of  relative  stability  and  consider  several 
schemes  for  determining  stability.  They  are  energy- Casimir  method,  Lagrange- multiplier 
method,  and  energy-momentum  method.  In  particular,  the  block-diagonalization  tech¬ 
niques  associated  to  the  energy-momentum  method  in  determining  stability  for  simple 
mechanical  systems  with  symmetry  are  successfully  extended  to  gyroscopic  systems  with 
symmetry.  These  techniques  will  be  applied  to  specific  problems  in  the  following  chap¬ 
ters. 

5.1.  Relative  Stability 

Let  B,  P  be  differentiable  manifolds,  and  G  be  a  Lie  group.  Consider  a  principal 
G -bundle,  ( P,G,B ),  namely,  G  acts  differentiably  on  P  freely  and  properly,  B  ~  P/G 
is  the  quotient  space  of  P  with  the  canonical  projection  tt  :  P  — ►  B  being  differentiable. 
Moreover,  P  is  locally  trivial,  that  is,  every  point  u  €  B  has  a  neighborhood  U  such  that 
there  is  a  mapping  from  7r-1({7)  to  U  X  G ,  z  i-+  (x (z),  <f>(z))  which  is  a  diffeomorphism 
and  4>(g-z)  =  g-<j)(z), for  all  g  6  G.  See  Figure  5.1.1  for  an  illustration  of  the  geometric 
structure  of  such  an  object.  For  more  details,  see,  e.g.  [49]. 

A  vector  field  X  on  P  is  said  to  be  projectable  if  for  each  /  E  P{B),  there  exists 
a  /  €  P{B)  such  that 

X[foTv]  =  /  ox, 

where  the  LHS  denotes  the  Lie  derivative,  cf,  e.g.  [46],  [30]  Now,  given  a  projectable 
vector  field  I  on  P,  the  corresponding  projected  vector  field  X  on  B  is  defined  in  the 
following  way.  Let  /  be  a  smooth  function  on  B ,  the  Lie  derivative  of  X  on  /  is  defined 
through 
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Figure  5.1.1.  Principal  G-bundle 


X[f]  =  f,  or  X[f]ov  =  X[/ot]. 


(5.1.1) 


It  is  easy  to  verify  that  the  vector  field  Xh  defined  in  (3.3.2)  is  projectable  with  the 
projected  vector  field  X-h  defined  in  (3.3.3)  in  the  above  sense.  Now,  we  have  the 
following  notion. 

DEFINITION  5.1.1 

For  the  principal  G-bundle,  (P,  G,  B) ,  a  point  z  G  P  is  called  a  relative  equilibrium 
of  a  projectable  vector  field  X  €  3G(jP)  if  Jr(z)  is  an  equilibrium  of  the  associated 
projected  vector  field  X  €  %(B).  Moreover,  a  relative  equilibrium  z  £  P  is  relatively 
stable  modulo  G  if  the  equilibrium  jr(z)  is  Lyapunov  stable  with  respect  to  the  projected 
vector  field  X . 

I 


REMARK  5.1.2 

In  [43],  the  smooth  manifold  structure  of  the  quotient  space  PjG  is  not  explicitly 
invoked  in  defining  the  notion  of  stationary  motion  and  relative  stability  modulo  G. 
However,  for  the  group  action  being  free  and  proper,  or  P/G  is  a  manifold,  which  is 
the  case  considered  in  this  dissertation,  Definition  8.13,  p.  242  in  [43]  are  equivalent  to 

Definition  5.1.1. 

I 

For  a  gyroscopic  system  with  symmetry,  the  definition  of  relative  equilibrium 
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vx  £  TQ  in  Definition  3.4.2  matches  with  the  Definition  5.1.1  by  noting  that  the  principal 
(? -bundle  is  now  (TQ,G,TQ/G).  Accordingly,  the  relative  equilibrium  vx  is  relatively 
stable  modulo  G  in  TQ  if  f(vx)  is  a  stable  equilibrium  with  respect  to  the  projected 
Hamiltonian  vector  field  Xg  .  On  the  other  hand,  in  the  symplectic  reduction  process, 
we  have  the  bundle  structure  ( TQ )M).  The  relative  equilibrium  defined  in 

Definition  3.4.1  can  be  regarded  as  a  relative  equilibrium  with  respect  to  this  principal 
G -bundle.  Correspondingly,  we  may  define  the  relative  stability  modulo  GM  in 
with  respect  to  the  reduced  dynamics  XH»  .  Since  the  space  ( TQ is  diffeomorphic  to 
a  symplectic  leaf  in  TQ  jG ,  relative  stability  modulo  G  in  TQ  implies  relative  stability 
modulo  Gp  in  The  converse  is  illustrated  by  the  following  theorem  from  [43], 

Theorem  8.17,  p.  244,  see  also  [37]. 

THEOREM  5.1.3 

Let  v%  be  a  relative  equilibrium,  cf.  Definition  3.4.1  or  3.4.2.  Definiteness  of  the 
Hessian  D2H£  at  7Tm(u®)  £  ( TQ )M  implies  the  relative  stability  modulo  G  in  TQ  of  vex 
if  there  exists  a  neighborhood  W  of  f(vx)  6  TQ/G  such  that  the  rank  of  the  Poisson 
structure  {•,•}.,  defined  in  (3.3.5),  is  constant  in  W. 

1 


Those  points  vx  in  TQ  satisfying  the  constant-rank  condition  stated  in  the  above 
theorem  will  be  referred  to  as  generic  points.  The  following  example  demonstrates  that 
the  sufficient  condition  in  Theorem  5.1.3  is  essential.  This  example  is  from  [43].  A 
detailed  discussion  can  be  also  found  in  [37]. 


EXAMPLE  5.1.4 

Consider  a  symplectic  manifold  (Q,  u),  where 

Q  =  R4  =  {  (gi,  g2,  Pi,  Pi)  }, 
u  =  dqi  A  dpi  +  dq2  A  dpo- 


Let 

G  =  AfU(J R) 

=  {  (a,  b)  6  1R2  }  with  the  group  structure 
(a,  b )  •  (c,  d)  —  (a  4-  c,  b  +  ea  d). 


(5.1.2) 


(5.1.3) 
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It  can  be  shown  that  G  defined  in  (5.1.3)  is  a  Lie  group.  We  define  the  action  of  G  on 
Q  as 

G  x  Q  —*  Q , 

((a,  b),  (qi,q2,pi,p2))  ^  (a  +  ?i,  b  +  ea  q2 ,  pi,  e~a  p2). 

It  is  easy  to  check  that  this  is  a  symplectic  action  on  Q .  This  action  is  also  free  and 
proper.  It  follows  that  Q/G  is  a  manifold  (~  IR2 ).  The  symplectic  structure  u  in 
(5.1.2)  defines  a  Poisson  bracket  on  X(Q)  which,  in  turn,  induces  a  Poisson  structure 
on  Q/G .  Let  a  Hamiltonian  function  H  be  defined  as 

H(qi,q2,Pi,P2)  =  Pi  eqi, 

which  is  a  G -invariant  function.  It  can  be  checked  that  (0,t,0,0)  €  Q  is  a  relative 
equilibrium  corresponding  to  the  vector  field  Xh  ■  Moreover,  this  relative  equilibrium  is 
relatively  stable  modulo  G M  in  J-1(/x),  since  the  quotient  space  J_1(/u)/GM  degenerates 
to  a  point.  However,  it  has  been  shown  in  [37]  that  this  relative  equilibrium  is  not 
relatively  stable  modulo  G  in  Q.  Note  also  that  that  the  induced  Poisson  structure 
doesn’t  have  a  constant  rank  at  (0,  t,  0, 0)  and  hence  the  condition  in  Theorem.  5.1.3 
does  not  hold. 

I 

In  the  remaining  sections  of  this  Chapter,  several  useful  methods  will  be  discussed 
for  determining  relative  stability  in  the  appropriate  sense.  For  simplicity,  we  will  drop 
the  underlying  space  in  the  definition  of  relative  stability,  e.g.  we  say  merely  relative 
stability  modulo  G ^ .  The  underlying  space  is  clear  from  the  construction. 


5.2.  Energy- Casimir  Method 

We  first  recall  some  facts  from  the  Lyapunov’s  stability  analysis.  Consider  the 
dynamical  system 

x  =  /(*),  (5-2.1) 

where  /  :  W  -*•  lRn  is  a  C1  map  on  an  open  set  W  in  IRn .  We  have  the  following 
lemma. 
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LEMMA  5.2.1  (See  [32],  p.  193) 

Let  x  €  W  be  an  equilibrium  of  the  system  (5.2.1),  f(x)  =  0.  Let  V  :  U  1R  be 
a  continuous  function  defined  on  U ,  a  neighborhood  of  x  in  W ,  differentiable  on  U  —  x , 
such  that 

V(x)  =  0, 

V(x)  >0,  Vx  6  U  —  x, 

V(x)  <0,  Vx  G  U  -  x, 

then  x  is  Lyapunov  stable.  Here  V(x)  =  DV(x)  ■  f(x)  is  the  directional  derivative  of 
the  function  V  along  the  trajectory. 

I 

Now  we  consider  a  general  Poisson  system  with  a  Hamiltonian  E , 

x  =  {*,  H}{x)  =  A(x)  'VH(x).  (5.2.2) 

A  function  /  on  a  Poisson  manifold  (P,  {-,-}p)  is  said  to  be  a  Casimir  function  if 

{  /,  }p  =  0  V  6  C°°(P). 

A  Casimir  function  is  automatically  a  conserved  quantity  for  any  Hamiltonian  vector 
field  Xh  on  P .  This  can  be  seen  from  the  following  identity, 

Lx„f  =  {/,  H)p. 

If  {-,-}p  is  induced  from  a  symplectic  structure  and  P  is  connected,  then  the  only 
Casimir  functions  are  the  constant  functions. 

For  the  system  (5.2.2),  assume  the  null  space  of  A  is  not  empty  and  spanned  by 
VCi,i  =  1,  •  •  •, m,  where  Ci  are  Casimir  functions.  Then  xe  is  an  equilibrium  of  (5.2.2) 
if  and  only  if 

m 

VH(xe)  =  VCi(ie),  (5.2.3) 

<=1 

TO  X 

E-J2  A«  Ci)  (xe)  =  0. 

t=l  ' 
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Since  Ci  are  Casimirs,  we  may  write  (5.2.2)  as 

771 

i  =  {x,  Ci}{x). 

i=l 

It  follows  that  H  —  Xi  Ci  is  a  conserved  quantity  along  the  trajectories  of  (5.2.2). 
Notice  that  if  C  is  a  Casimir,  so  is  any  smooth  functional  of  C .  We  have  the  following 
theorem. 

THEOREM  5.2.2  (Energy- Casimir) 

If  there  exists  a  Casimir  function  C  such  that 

V(H  +  C)(xe) 

(second  variation)  V2(ff  +  C)(ze) 

then  xe  is  a  Lyapunov  stable  equilibrium  of  (5.2.2). 

Proof 

Define 

V(x)  =  (H  +  C)(x)-(H  +  C)(xe). 

By  assumption  V2(if  +  C)(ie)  is  positive  definite,  so  we  know  that  xe  is  a  strict  local 
minimum.  Thus  there  exists  a  neighborhood  U  of  xe  such  that 

V(xe)  =  0, 

V(x)  >0,  Vi  e  U-{xe}. 

Since  H  +  C  is  a  conserved  quantity  along  trajectories  of  the  given  system,  we  have  also 

V(x)  =  0,  Vi  €  U  ~{xe}. 

We  therefore  conclude  that  xe  is  Lyapunov  stable  by  Lemma  5.2.1.  A  similar  argument 
can  be  applied  for  the  case  that  V2(H  +  C)(xe)  is  negative  definite. 

I 

REMARK  5.2.3 

In  Theorem  5.2.2,  the  Casimir  function  C  could  be  any  combination  of  smooth 
functions  of  the  Casimir  functions  Ci  in  (5.2.3).  Therefore  we  have  a  family  of  candidate 


=  0,  (5.2.4a) 

>  0,  (or  <  0)  (5.2.46) 
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Lyapunov  functions.  Among  them,  we  may  vary  some  parameters  to  get  a  suitable 
Lyapunov  function. 

I 

This  theorem  provides  us  with  a  systematic  method  for  determining  stability  of  equilibria 
in  noncanonical  hamiltonian  systems,  cf.  [33].  In  particular,  it  helps  in  determining  the 
relative  stability  modulo  G  corresponding  to  the  projected  Hamiltonian  vector  field 


5.3.  Lagrange-Multiplier  Method 

Now  we  describe  an  alternative  approach  to  obtain  a  stability  theorem, 
a  scheme  suggested  by  Maddocks  in  [44].  The  stability  of  equilibrium  of  the 
system  (5.2.2)  is  once  again  the  subject  of  study.  Here  we  assume  that  the  null 
A  is  one-dimensional.  Consider  the  constrained  variational  problem 

min  /^(x), 

subject  to  C(x)  —  b , 


This  is 
Poisson 
space  of 


(5.3.1) 


where  b  is  a  constant  representing  prescribed  data  and  C  is  a  particular  Casimir  function. 
The  Lagrangian  corresponding  to  this  optimization  problem  can  be  written  as 


L(x,A)  =  fj(x)  -  AC(x), 


(5.3.2) 


with  A  €  E..  The  first-order  necessary  conditions  for  (5.3.1)  then  coincide  with  (5.2.3) 
for  m  =  1 .  We  now  recall  the  following  lemma. 


LEMMA  5.3.1  (See  e.g.  Bertsekas  [9],  p.  68) 

Let  P  be  a  symmetric  matrix  and  Q  a  positive  semidefinite  symmetric  matrix, 
both  of  dimension  n  X  n.  Assume  that,  for  x  £  R” , 

<  x,  Px  >  >  0,  Vij^O,  such  that  <  x,  Qx  >  =  0, 


then  there  exists  a  (large,  positive)  scalar  a  such  that 

P  +  aQ  >  0, 
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namely,  P  +  aQ  is  positive  definite. 


I 

We  can  now  state  the  stability  criterion  as  follows. 

THEOREM  5.3.2 

Suppose  that  xe  and  Xe  e  1R  are  such  that 

Vxi(xe,Ae)  =  0,  (5.3.3a) 


and,  moreover, 

<  h,  V^Z(  xe,\e)  h  >  >  0,  V/i^0  such  that  <  VC(ie),  h  >  =  0.  (5.3.3  b) 

Then  xe  is  a  Lyapunov  stable  equilibrium  of  (5.2.2). 

Proof 

Let 

P  =  V|L(xe,Ae), 

Q  =  VC(xe)  VC(xe)T, 

so  that  by  hypothesis  P  and  Q  satisfy  the  conditions  of  the  previous  lemma.  Thus  we 
can  find  a  £  1R  such  that  P  +  aQ  is  a  positive  definite  matrix.  Now,  with  the  notation 
b  =  C(xe),  we  define  the  augmented  Lagrangian  by, 

La(x,  A)  =  H(x)  -  A C(x)  +  i a(C(x)-bf  , 

=  H{x)  +  C(x). 

Then  we  have, 

VxLa(xe,\e)  =VH(xe)  +  \eVC(xe)  +  a{C(xe)  -  b)S7C{xe)  =  0, 

VlLa(xe,  A.)  =V2H(xe)  +  (Ae  +  a{C(xe)  -  b))  V2C(xe)  +  a  VC(xe)VC(xe)T 
=  P  +  a  Q  >  0. 

Since  the  function  C  is  also  a  Casimir  function,  Theorem  5.2.2  can  be  applied  to  conclude 
that  xe  is  a  Lyapunov  stable  equilibrium  of  system  (5.2.2). 

I 
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REMARK  5.3.3 


(a)  Conditions  (5.3.3)  form  a  set  of  sufficient  conditions  for  xe  to  be  a  constrained 
local  minimizer  of  (5.3.1). 

(b)  In  an  application  of  Theorem  5.2.2,  we  would  search  for  a  suitable  Casimir  C 
to  fulfill  the  condition  (5.2.4),  cf.  Remark  5.2.3.  However,  in  the  application  of 
Theorem  5.3.2  we  can  fix  a  particular  Casimir  C  and  a  scalar  A  satisfying  (5.3.3a), 
and  then  attempt  to  verify  (5.3.3b).  The  analysis  in  Chapter  6  will  illustrate  the 
differences  between  the  two  schemes. 

(c)  With  appropriate  hypotheses,  Theorem  5.3.2  can  be  generalized  to  cases  in 
which  there  are  n  independent  Casimirs,  and  the  underlying  space  is  infinite 
dimensional. 

I 

To  apply  the  techniques  of  the  current  and  previous  sections  to  verify  the  relative 
stability  modulo  G  of  a  relative  equilibrium,  we  need  to  first  find  Casimir  functions 
associated  with  the  induced  Poisson  bracket  {•,•},■  defined  in  (3.3.5).  For  a  hamiltonian 
G -space,  there  is  a  natural  way  to  construct  a  family  of  Casimir  functions  from  the 
momentum  mapping  J  as  follows  (see,  e.g.  [62]). 

Suppose  <f>  :  Q*  — *  1R  is  an  Ad* -invariant  function  on  the  dual  of  the  Lie  algebra, 
namely,  for  /t  6E  Q' , 

<t>{Ad"  n)  =  <£(m),  V  g  eG.  (5.3.4) 

We  define  a  function 

C$  =  <t>o  J  :  TQ  -*•  1R.  (5.3.5) 

It  is  easy  to  see  that  this  is  a  G-invariant  function.  In  fact, 

C$($J(vx))  =  4>o  J  o$Tg{vx)  =  4>  o  Ad*  o  J(vx)  =  <t>oJ{vx). 

Thus  C$  induces  a  function  0$  on  TQjG  through 

C$0  t  =  C0.  (5.3.6) 
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Now  we  prove  that  0$  is  a  Casimir  function  corresponding  to  the  induced  Poisson 
bracket  {■,  For  arbitrary  /  6  F(TQ/G),  we  have 

{  /,  C<p  }.  °  f  =  {/of,  =  {  /,  C#  }L, 

where  /  is  a  G-invariant  function.  Recall  that  J  is  an  integral  of  any  vector  field  induced 
from  a  G-invariant  function,  cf.  Theorem  3.2.6.  Thus 

{/,  c+  }L  =  d{<t>oJ).Xf  =  0. 

It  follows  that  C<t>  is  a  Casimir  function  with  respect  to  the  induced  Poisson  bracket. 
The  dual-paring  picture  in  Figure  5.3.1  illustrates  the  structures. 


Figure  5.3.1.  Dual-Pairing 


For  a  gyroscopic  system  with  symmetry,  the  momentum  mapping  can  be  found 
in  (3.2.11).  We  could  then  construct  Casimir  functions  through  the  above  process.  In 
particular,  for  the  special  case  that  G  =  50(3),  the  Ad *  action  is,  for  B  6  50(3), 
€  so(3)*, 

Ad*B[i  =  B(iBt  =  Bfi. 


The  function  defined  by 


<Kfi)  =  I  M  |> 


(5.3.7) 
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where  |  •  |  denotes  the  euclidean  norm,  is  an  Ad*  -invariant  function,  since 


<t>(Ad*Bfi )  =  <p(Bn )  =  |  Bn  |  =  |  n  |. 

Consequently,  from  (5.3.5),  the  norm  of  the  momentum  mapping  gives  rise  to  a  Casimir 
function  for  this  special  case.  This  applies  to  most  mechanical  systems  with  the  symmetry 
of  rotation  group. 


5.4.  Energy  Momentum  Method 

The  previous  two  sections  are  concerned  with  relative  stability  modulo  G  of  a 
relative  equilibrium  in  TQ  corresponding  to  the  Poisson-reduced  dynamics.  In  this 
section,  the  relative  stability  modulo  G M  will  be  examined  based  on  the  momentum 
mapping.  Here  we  extend  the  energy-momentum  method  to  the  general  framework  of 
gyroscopic  systems  with  symmetry.  At  generic  points  (in  TQ/G),  the  two  notions  of 
relative  stability  are  equivalent,  cf.  Theorem  5.1.3. 

Let  ( P,u )  be  a  symplectic  manifold  on  which  the  Lie  group  G  acts  sympleetically 
and  let  J  :  P  — ►  Q*  be  an  Ad* -equi variant  momentum  mapping  for  this  action  (see 
Section  3.1  for  definitions).  Assume  we  could  perform  symplectic  reduction  on  P  in 
the  sense  of  Marsden  and  Weinstein  [48].  The  reduced  phase  space  is  denoted  by 
PM  =  J-1(/x)/G p.  Let  H  :  P  — *•  1R  be  invariant  under  the  action  of  G.  It  induces 
a  Hamiltonian  function  H M  on  P^  satisfying 

H M  07 =  5  oitf, 

where  zr^  :  — *  P^  is  the  canonical  projection  and  z^  :  J_1(/z)  P  is  the 

inclusion  map.  We  are  interested  in  the  stability  property  of  a  relative  equilibrium 
under  the  reduced  dynamics  Xh»  on  the  reduced  space  PM,  or  the  relative  stability 
modulo  in  J-1(/r).  By  construction,  H **  is  a  first  integral  of  the  reduced  dynamics. 
Thus  if  has  a  strict  local  minimum  at  zr^(ze)  where  is  a  relative  equilibrium,  then 
serves  as  a  Lyapunov  function.  Lemma  5.2.1  can  be  invoked  to  conclude  stability. 
Since,  for  z  6  J-1(/x)  C  P, 
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=  *(«*))  = 


the  condition  for  tt Xze)  being  a  strict  local  minimum  of  H M  is  equivalent  to  the  condition 
for  ze  being  a  strict  local  minimum  of  modulo  the  tangent  directions  of  the 

group  orbit,  G M  •  z.  This  in  turn  corresponds  to  checking  that  the  relative  equilibrium 
ze  solves  the  constrained  minimization  problem, 

min  H{z) 

subject  to  J{z)  =  fie  =  J(ze). 

This  problem  could  be  further  formulated  as  checking  ze  to  be  a  strict  local  minimum  of 
E  —  (J,£)  in  all  directions  on  J-1(/xe)  except  along  the  tangent  directions  to  the  group 
orbit  generated  by  G M .  These  heuristic  discussions  could  be  formally  spelled  out  in  the 
following,  which  gives  rise  to  the  energy-momentum  method ,  cf.  [63],  [62],  [56],  [61]. 
Define 

H,(z)  =  H(z)  -  ( J(z ),  0-  (5-4.1) 

From  the  relative  equilibrium  theorem,  cf.  Theorem  3.4.3,  each  relative  equilibrium  of 
the  system  is  a  critical  point  of  E$ ,  for  some  f  6  Q ,  namely, 

DH^(ze)-6z  =  0,  Vfo  £  TZzP.  (5.4.2) 

From  previous  discussions,  the  definiteness  of  the  second  variation  of  E^  on  a  subspace 
S  of  TZeP  satisfying 

5  SS  TzJ~\pie)  /  TZXG»  •  ze),  (5.4.3) 

implies  the  stability  of  the  relative  equilibrium  ze  in  the  reduced  dynamics.  One  way  to 
find  such  a  space  S  is  to  find  a  complement  of  TZe(G^  •  ze)  in  TZf  J_1(/xe)  such  that 

=  s  ®  TZe(G»-ze). 

Since  TZtJ~1(fie)  =  Ker  DJ(ze ),  which  is  the  kernel  of  the  operator  DJ(ze ),  we  could 
summarize  the  energy  momentum  method  for  relative  stability  as  follows. 

ALGORITHM  5.4.1  (Energy-Momentum  Method) 

0.  Pick  £  €  Q  • 
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1.  Solve  the  problem 


DH(.{z)-6z  =  0,  V6z£TzP, 
for  a  relative  equilibrium  ze . 

2.  Compute  fxe  =  J(ze)  and  determine  the  space  Ker  DJ(ze). 

3.  Find  S  C  Ker  DJ(ze)  such  that 

Ker  DJ(ze )  =  S  ®  Tz,(G^-ze). 


4. 


Check  the  second  variation  of  on  S .  Definiteness  of  the  second  variation  implies 
stability. 


I 


For  visualizing  the  geometric  pictures,  see  Figure  5.4.1. 


Now  we  consider  gyroscopic  systems  with  symmetry  introduced  in  Chapter  3.  The 
underlying  space  is  P  =  TQ  with  the  symplectic  structure  Ql.  In  this  setting,  the 
momentum  mapping  is  given  by,  cf.  (3.2.11), 
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—  ■'C  Vx  "I*  Y(x),  £q(x) 


(5.4.4) 


and  the  energy-momentum  functional  is,  cf.  (3.4.3), 

H^vx)  =  Kt(vx)  +  V€(*),  (5.4.5) 

where,  cf.  (3.4.5), 

K ^(vx)  =  ~  —  £q(i),  ux  —  £q{x) 

V|(x)  =  V(x)-  <  Y(x),  £q(x)  >x  <C  £«(*),£$(*)  »* 

We  define  the  space 

Nx  =  {  t?q(z)  :  V  6  £  }, 

which  is  a  subspace  of  TXQ ,  and  thus 

AT  =  Ux6Q  Afx,  (5-4.8) 

is  a  subbundle  of  TQ .  We  could  then  decompose  TXQ  into  Afx  and  Mx  where  Afx  is 
the  orthogonal  complement  of  Afx  with  respect  to  the  inner  product  associated  with  the 
riemannian  metric.  Every  element  v  £  TXQ  can  be  thus  written  uniquely  as 

v  =  tjq(x)  +  v, 

for  1]  £  Q  i  v  £  Mx  .  With  this  decomposition,  the  function  could  be  further  written 
as,  from  (5.4.6), 

K^x,  v)  =  1 1|  VQ(x)  -  £q(x)||2  +  i||u||2.  (5.4.9) 

Note  that  at  relative  equilibrium  (xe,  f<3(xe)),  we  have  ve  =  fg(xe),  and  v  =  0.  Thus 
the  second  term  in  is  nonnegative  and  vanishes  at  relative  equilibrium  with  a  positive 
semi-definite  second  variation.  Define 

Hf.{x,T])  =  ^\\t]q(x)  -  <Jq(x)  I!2  +  V^(x).  (5.4.10) 

We  can  determine  the  relative  stability  from  this  modified  function  on  the  space  of  Q  X  Q . 
Taking  variations  in  the  space  Q  X  Q  corresponds  to  taking  variations  in  the  subbundle 
J\f  C  TQ .  We  define  the  embedding 


(5.4.6) 


(5.4.7) 
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Z  :  Q  xQ  ->  TQ, 


0,  7?)  *  *  (x,  Tfq(x)). 

Then  =  H^o  Z .  Similarly,  define  the  pre-momentum  mapping 

J(x ,  tj)  =  J  o  Z(x,  p)  =  J(x,  T)q(x)).  (5.4.11) 

We  may  define  an  action  on  the  space  Q  x  Q  as 

$  :  Gx(QxQ)  -  Qx£ 

(5.4.12) 

(flb  (*,  »/))  *"*  (5  •*,  A.dgT)), 

where  Ad  is  the  adjoint  action  defined  in  (3.1.10).  It  can  be  shown  that 

2  =  2ofj.  (5.4.13) 


Also  we  have 


►  Q *  is  Ad* -equi variant. 

Jo®?  oZ 

=  Ad*-  1  0  J. 

I 

From  this  Lemma,  it  can  be  shown  that  the  level  set  J-1(/i)  is  invariant  under  the 
action  of  the  isotropy  subgroup  GM .  Furthermore,  let  H  :  Q  X  Q  — * ►  IR  be  defined  as 
H  =  H  0  Z.  From  (5.4.13),  the  function  H  is  invariant  under  the  group  action  'S .  The 
functional  5$  can  be  now  written  as 

Hz  =  H  -  (j,  0- 

By  the  invariance  properties,  the  restriction  of  on  J  l{p), 

1)  =  ~ 


LEMMA  5.4.2 

The  pre-momentum  mapping  J  :  Q  X  Q  - 

Proof 

We  have 

J  0'S  g  =  J  o  Z  O'Sg  = 
=  Ad*-!  o  J  0  Z 
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is  invariant  under  the  group  action  of  G M .  As  a  consequence,  the  geometric  picture  is 
similar  to  Figure  5.4.1.  An  algorithm  similar  to  Algorithm  5.4.1  can  then  be  applied 
to  check  if  (xe,£)  is  a  local  minimizer  of  restricted  to  Before  doing  that, 

we  introduce  a  few  notations.  The  riemannian  metric  restricted  to  the  subspace  J\fx 
provides  an  x  -dependent  bilinear  form  on  the  Lie  algebra  Q .  This,  in  turn,  induces  a 
locked  inertia  tensor  associated  to  x  6  Q , 

hock(x)  :  G  — ►  Qm, 


defined  through 

(f,  liock(x)Tj)  =  <  £q{x),  tjq(x)  »*,  (5.4.14) 

for  £,  77  €  Q .  From  the  symmetry  property  of  the  riemannian  metric,  we  have 

(£>  I lock{x)lj )  =  (Ilock(x)£,  7 /), 

namely,  I/ocfc(x)  is  symmetric.  Also,  we  assume  that,  at  x,  the  locked  inertia  tensor  has 
an  inverse, 

hock(x)-1  :  G‘  ->  G. 

On  the  other  hand,  the  gyroscopic  field  also  induces  for  each  x  £  Q  an  element 
Iy(x)  in  G*  defined  by, 

(Iy(x),  r,)  =  «  Y(x),  rjQ(x)  »„  V  77  6  Q.  (5.4.15) 

We  refer  to  Iy(x)  as  the  (x -dependent)  gyro-momentum.  The  function  may  now 
be  expressed  as 

Hdx,  V)  -  Itock(x)(v  -  0) 

+  V(x)  -  i(f,  I,ocfc(3:)0  -  (Iy(*),  0.  (5-4.16) 

=  ^  hock(x)( v-0)  +  vdx) 

with  the  pre-momentum  mapping,  from  (5.4.4),  (5.4.11),  for  77  £  G, 
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(j(x,  77),  C)  =  (J(x,  T]q(x)),  C) 

=  <7 1q(x),  Cq(x)>x  +  <Y(x),  Cq(s)>x 

=  (i iock(x)v,  0  +  (Mx)>  C)> 

or  we  may  write 

J(x ,  77)  =  Iiock(x)r)  +  Iy(x).  (5.4.17) 

For  n  6  G* ,  the  associated  isotropy  subalgebra  Q Me  is  defined  in  (3.1.13).  With  the 
inner  product  induced  on  Q  by  the  locked  inertia  tensor  at  xe ,  we  define  the  orthogonal 
complement  of  Q^c  to  be 

Qt  =  {  C  e  Q  :  (C,  W*«)i?>  =  0,  V  77  e(?Mt  }.  (5.4.18) 

Following  the  notations  used  in  [61],  we  define  the  maps 

A  :  Q  gm,  a  ■.  g  g, 


by 


-4(77)  =  ad>e,  ^(t?)  =  W(xe)-M(  77),  (5.4.19) 


respectively.  As  proved  in  [61],  we  have  the  following  lemma. 

LEMMA  5.4.3 

Provided  that  g £  is  finite  dimensional  or  A  is  elliptic  with  respect  to  the  inner 
product  induced  by  Iiocfc(xe) ,  we  have 

(i)  A  maps  Q  onto  . 

(ii)  A  maps  g  onto  g C  ,  where 

git  =  {  M  €  £*  :  */)  =  °>  V  V  e  }, 


is  the  annihilator  of  . 


I 


With  these  notations,  we  are  now  ready  to  apply  Algorithm  5.4.1.  We  proceed  as 


follows. 
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Step  0.  Fix  £  £  Q . 

Step  1.  It  is  straightforward  to  derive 

DH^(x,  rj)  (Sx,  Sr)) 

=  DVz(x)6x  +  (Sr 7,  hock(x)(v  -  £)>  +  ^  (r?  -  £,  (JCH|oeJt(a:)&r)  (77  -  £)>. 

The  relative  equilibrium  is  given  by  the  conditions 

DV^(xe)  =  0,  r)e  =  £, 

which  match  with  the  conditions  we  obtained  in  Algorithm  3.4.4. 

Step  2. 

For  the  relative  equilibrium  (xe,  £),  we  have 

)ie  =  j(a:e,  £)  =  I;0Cjt(ze)£  +  Iy(xe)-  (5.4.20) 

Now  we  find  the  space  Ker  DJ(xe,  £).  From  (5.4.17), 

d 

DJ(x ,  qX&r,  677)  =  —  J(x  +  e6x,  rj+eSr 7) 

e=o  (5.4.21) 

=  (-DIiocfc(x)6x)?7  +  f-iock(x)Srj  +  DIY(x)Sx. 

Here  x  +  e  Sx  denotes  the  integral  curve  corresponding  to  the  tangent  vector  Sx  at  x . 
For  (Sx,  Sr 7)  to  be  in  KerDJ(xe,  £),  we  must  have,  from  (5.4.21), 

Sr)  =  — Ijocfc^e)  ((^I(ocfc(a;e)^a')£  "h  DIy(x  e)^')  1 

(5.4.22) 

=  I  tackle)-1  ident^(xe)&r. 

where  the  map  ident Y :  Q  x  TQ  — +  Q"  is  defined  by,  for  (x,Sx)  £  TQ , 

ident  y(x)&r  =  -  ^( DIi0Ck(x)Sx )£  +  Z?Iy(x)&r^.  (5.4.23) 

This  map  specializes  to  the  map  ident ^  defined  in  [61]  when  1  =0,  i.e.,  for  simple 
mechanical  systems  with  symmetry.  The  properties  of  this  map  play  an  important  role 
in  our  subsequent  development.  We  need  the  following  lemma. 

LEMMA  5.4.4 

For  x  £Q  and  £,  v,  r)  £  Q ,  we  have  the  following  identities, 
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(Cl  ( Dli0ck{x)T]Q(x))v )  =  <[C,  77],  llock{x)u)  +  ([!/,  77],  I lock(x)0,  (5.4.24) 


(C,  DIy(x)rjQ(x))  =  (Iy(x),  [C,  77]). 


(5.4.25) 


Proof 

The  proof  of  (5.4.24)  could  be  found  in  [61].  Here  we  only  verify  (5.4.25).  By 
definition  (5.4.15), 

(C,  DIy(x)t]q(x))  =  £  (Iy(exp  er)  ■  x),  Q 

de  t  =o 

<  Y (exp  e  77  •  x),  Cc?(exp  e  77  •  x)  >exp  e  v-x, 

€=0 

=  LnQ  <  Y,  Cq  >  (*), 

=  C  LnQY(x),  Qq{x)  >x  +  <  Y(x),  LnQQQ(x)  >r, 

by  using  Lemma  3.1.2.  Also  we  have  the  identity  LVq(q  =  [C,  tj]q.  With  (3.1.19)  in 
Lemma  3.1.1,  it  follows  that 

(C,  DIy(x)t]Q(x))  =  <  Y(x),  (C,  7 ?]Q(x)>I, 

=  (Iy(*),  [C,  rj\). 


£ 

de 


This  is  the  desired  identity. 


We  now  evaluate  the  map  ident^(xe)  restricted  to  the  space  A fXt  ■ 


1 


LEMMA  5.4.5 

For  77  G  Q ,  at  relative  equilibrium  (xe,  £), 

ident  Y${xe)  r]Q(xe)  =  ad*  fj.e  +  Iiocfc(xe)[?7,  £].  (5.4.26) 


Proof 

From  the  definition  (5.4.23),  for  arbitrary  v  €  Q, 

(ident  y^(xe)77<5(xe),  v)  =  —(v,  { DIlock(x  e)VQ{x  e))  0  ~  {P>^-Y(xe)rlQ(xe)i  v) i 

From  Lemma  5.4.4,  this  could  be  further  written  as 
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-<h  v],  llock(xe)0  -  {[£,  7?],  I lock{xe)v)  ~  (M^e),  [v,  7?]) 

=  (Iiock(xe)Z  +  Iy(xe),  [77,  v\)  +  (Iioci(a:e)[^,  rj\,  1/), 

=  {ad'He,  v )  +  (I/ocfc(xe)[f,  v],  l')- 

where  the  formula  for  fie  in  (5.4.20)  has  been  used.  We  thus  established  (5.4.26). 

I 


The  discussions  in  Step  2.  could  be  summarized  by  writing 
Ker  DJ(xe,£)  =  {  (fe,  7?)  £  T{Xe<i)(Q  x  Q)  : 

(5.4.27) 

V  =  I lockixe)'1  ident^(xe)  fe  }. 

Step  3. 

As  shown  in  (5.4.27),  the  component  of  Q  in  Ker  DJ(xe,£)  is  determined  from  the 
variation  fe  in  TXcQ  .  We  thus  only  need  to  decompose  the  kernel  space  with  respect  to 
TXt{G^  -xe).  Since 

■A/’r*  =  TXc(G^-xe)  =  {VQ(xe)  6  TXcQ  :  rjeG^  },  (5.4.28) 


we  may  find  the  orthogonal  complement  of  it  with  respect  to  the  riemannian  metric  as, 
V  =  {fee  TXeQ  :  <  fe,  r]Q{xe)  =  0,  V  77  6  }  (5.4.29) 

Consequently,  we  may  write  the  space  S  as 

S  =  {  (fe,  77)  e  V  x  Q  :  7?  =  I/0Cfc(xe)_1  ident^(xe)  fe  }.  (5.4.30) 

and  we  get  KerZ»J(xe,0  =  S  ©  T(Xt,i)  (G>.  -(^O)*  where,  with  respect  to  the 
action  defined  in  (5.4.12), 

T<*..o(G>.  -(*e,0)  =  { (Co(*e),  adcO  ■  }, 

can  be  shown  to  be  a  subspace  of  Ker  DJ(xe,  £) . 

Step  4. 

Now  we  check  the  definiteness  of  the  second  variation  of  on  the  space  S .  The 
block  diagonalization  techniques  prove  to  be  useful  in  this  context.  We  introduce  a 
decomposition  of  the  space  V  as  follows.  Let 
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Vrig  =  {  C Q(xe )  :  C  G  }, 

Vint  =  {  fa  G  V  :  (C,  ident^(xe)<5x)  =  0,  V  C  6  }. 


(5.4.31) 

(5.4.32) 


By  definitions  (5.4.7),  (5.4.28)  and  (5.4.31),  we  have 

Mx  =  jV£‘  ©  VriG. 

But  the  condition  for 

V  =  Vrig  ©  Vint,  (5.4.33) 

will  be  discussed  further  in  the  following  (cf.  Lemma  5.4.7).  The  relationship  between 
these  spaces  is  depicted  in  Figure  5.4.2. 


The  second  variation  of  could  be  found  as 

D2Hz(xe,Z)  ■  (6x i,  rji)-(Sx2,  t?2) 

=  {li,  hock(xe)V2)  +  D2Vz(xe)  ■  6x !  •  <5x2, 

=  (ident^(xe)5xi,  Iiocfc(xe)_1  ident^(xe)<5x2)  +  T>2V?(xe)  •  <5xx  •  &2, 


for  (&i,  r?i),  (6x2,  f?2)  G  Kerf? «/(xe,£)-  A  bilinear  form  on  TXtQ  x  TXcQ  is  defined  as, 


B5(<5xi,  6x2) 


(ident^(xe)&i,  I i0ck(xe)  1  identy?(xe)<5x2) 
+  D2Vi(xe)  •  <5xi  •  <5x2. 


(5.4.34) 
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Note  that 


D2Hi(xe,^)-(Sx1,  771  )-(&2i  Vi)  =  BdSxh  Sxi)- 

We  have  the  following  key  proposition. 

PROPOSITION  5.4.6 

For  T]q(xe)  e  VRIG ,  and  6x  £  ViNT, 

B^T]Q(xe),  Sx )  =  0. 

Proof 

We  first  find  the  second  variation  of  V^.  By  the  property  that  V  is  G -invariant 
and  Lemma  5.4.4,  we  have 

DVz(x)  ■  t)Q(x ) 

=  DV(x)-  tjq(x)  -  (DIiock(x)-riQ{x)) 0  -  (2?Iy(ar)  •%(*),  0, 

=  -  ([£,  *?]>  Iiocfc(a:)£  +  Iy(x)).  (5.4.35) 

It  is  then  easy  to  see  that,  cf.  (5.4.23), 

D2Vz(x)  ■  t]q(x)  •  6x  =  -{[£,  77],  (Dliock(x)  ■  6x)£  +  DIy{x)  ■  Sx). 

=  {[£,  v],  idsnt^(x)fe).  (5.4.36) 

Next  we  evaluate  the  bilinear  form  on  Vrig  x  Vint-  Combining  (5.4.34),  (5.4.36)  and 
using  Lemma  5.4.5,  we  get, 

’Bt-(T}Q(xe),  Sx) 

=(ident^(ie)  rfQ(xe),  Iiocfc(ie)_1  ident^(®,)&)  +  ([£,  17],  identr£(ze)  Sx), 

=  {ad*riHe  +  Iiock(xe)[T1,Z],Iiock{xe)~1  identYi{xe)6x)  +  {[(,r1},identYi{xe)6x), 

=  {ad*ne ,  I iock{xe)~l  ident^(xe)  Sx), 

=  {A(ri),id@B.tYz(xe)6x),  (5.4.37) 
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where  A  is  defined  in  (5.4.19).  From  Lemma  5.4.3,  A(rj )  £  .  For  Sx  €  Vint  >  by  the 

definition  of  Vint  ,  cf.  (5.4.32),  the  desired  property  follows. 

I 

With  this  proposition,  the  second  variation  of  on  S  at  relative  equilibrium  is 
diagonalized  into  two  blocks.  Checking  the  definiteness  of  D2  on  <S  is  thus  equivalent 
to  checking  the  definiteness  of  on  the  spaces  of  Vrig  x  Vrig  and  Vint  X  Vint 
independently,  under  the  assumption  that  (5.4.33)  holds.  These  techniques  simplify  the 
computations  quite  significantly,  as  will  be  seen  in  later  chapters.  In  particular,  the  form 
of  on  Vrig  x  Vrig  could  be  worked  out  explicitly.  From  (5.4.37), 

^dVQ(xe),  VC}(xe)) 


=  ( A(r] ),  ident^(xe)  T}q(xe)), 

—  {A{ 77),  ad^fj,e  -j-  I/oc&(a-e)[7?,  £])> 

=  (ad^/Ze,  I lock(xe)  a<^rjMe)  4"  ad 


(5.4.38) 


This  is  the  Arnold  block  analogous  to  the  one  in  simple  mechanical  systems  with 
symmetry  [62].  The  gyro-momentum  is  buried  in  /ie  and  can  affect  definiteness  of  this 
block.  Definiteness  of  this  block  ensures  the  decomposition  (5.4.33)  of  the  space  V,  which 
is  proved  in  the  following  lemma. 


LEMMA  5.4.7 

Positive  definiteness  of  B^  on  Vrig  x  Vrig  implies  that  V  =  Vrig  ©  Vint  • 

Proof 

We  only  consider  here  the  finite  dimensional  case.  For  the  infinite  dimensional 
case,  the  proof  is  analogous  to  the  one  in  [61].  Letting  Cgfae )  G  Vrig  H  Vint  ,  we  have 

(6^,  and 

{u,  ident^XeXg^e))  =  O'  V  v  &  ■  (5.4.39) 


We  choose,  in  (5.4.39), 


v  =  .4(C)  6 


which  is  ensured  by  Lemma  5.4.3.  By  comparing  with  (5.4.38),  we  get 
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® C (C<3 ( e ) j  C Q{xe))  —  0. 


Since,  by  assumption,  is  positive  definite,  this  implies  £  =  0.  Namely, 

Vrig  n  Vint  =  {  0  }. 

On  the  other  hand,  dim  Vrig  +  dim  Vint  —  dim  V.  Thus  the  decomposition  (5.4.33) 
holds. 

I 

With  this  Lemma,  we  don’t  need  to  verify  (5.4.33)  explicitly.  It  is  guaranteed  by  checking 
the  definiteness  of  the  Arnold  block.  We  summarize  the  discussion  in  this  step  in  the 
following  theorem. 

THEOREM  5.4.8 

If  the  bilinear  form  is  positive  definite  on  both  Vr/g  x  Vrig  and  Vint  x  Vint  > 
then  the  relative  equilibrium  ( xe ,  £<j(xe))  G  TQ  is  relatively  stable  modulo  G^. 

I 

Now  we  have  completed  the  process  of  Algorithm  5.4.1  of  determining  the  relative 
stability  for  the  gyroscopic  systems  with  symmetry.  The  block  diagonalization  of  the 
second  variation  of  6%  is  achieved  on  the  constrained  subspace  S .  A  few  explanatory 
remarks  follow.  First,  we  note  a  necessary  condition  for  relative  equilibrium. 

PROPOSITION  5.4.9 

At  relative  equilibrium  (xe,  £), 

ad 1  Me  =  0.  (5,4.40) 


Proof 

This  result  holds  in  the  general  setting  of  hamiltonian  systems  with  symmetry,  see 
Proposition  1.2  of  [6i]  for  a  related  proof.  Here  we  give  a  proof  applicable  to  the  setting 
of  gyroscopic  systems  with  symmetry. 

From  the  discussion  in  Step  1,  at  relative  equilibrium,  =  0.  We  evaluate  it 
along  the  directions  in  with  the  formula  (5.4.35).  For  all  r\  G  Q , 
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0  —  DV^{%e)  •  pq(xb)  —  {[£>  77],  Ijocfc^e)^  H-  Iy(*e))» 

=  -{ad^rj,  fie)  =  -{77,  ad\fie), 

from  (5.4.20),  (3.1.11).  Thus,  at  relative  equilibrium,  we  have  ad*^fie  =  0. 

I 

Next  we  consider  the  amended  potential  introduced  for  simple  mechanical  systems 
with  symmetry.  From  (5.4.17),  we  may  construct  a  mapping  from  Q  x  Q*  to  Q  x  Q  as 

(x,  fi )  t->  (z,  Iiocfc(z)-1  ( fi  -  Iy(x)))  .  (5.4.41) 

With  this  transformation,  we  may  write  the  function  on  the  space  Q  X  Qm  as,  from 
(5.4.16), 

H^x,  fi)  =  V^x)  -  {fi,  0, 


where 


v^x)  =  V(x)  +  l-{fi-  Iy(ar),  llock(x)~l  (fi  -  Iy(®)>,  (5.4.42) 


is  called  the  amended  potential.  It  can  be  shown  that,  at  relative  equilibrium  (®e,f),  we 
have 


DVll(xe)6x  =  DV^(xe)6x, 
D2Vli(xe)  ■  6x1  ■  6x2  =  B ^(Sxi,  6x2). 


(5.4.43) 


Thus  the  stability  conditions  in  Theorem  5.4.8  are  equivalent  to  the  conditions  for  the 
relative  equilibrium  to  be  a  constrained  strict  local  minimizer  of  the  function  .  This 
conclusion  is  analogous  to  the  Lagrange-Dirichlet  theorem  in  spirit  [6].  We  phrase  it  as 
a  theorem. 


THEOREM  5.4.10 

For  gyroscopic  systems  with  symmetry,  the  components  of  relative  equilibria  in 
the  configuration  space  are  the  critical  points  of  the  function  VM.  If  the  configuration 
component  xe  of  a  relative  equilibrium  is  a  constrained  strict  local  minimizer  of  the 
function  (i.e.  by  taking  out  the  neutral  directions  tangent  to  Gtle  ■  xe ),  then  the 
relative  equilibrium  is  relatively  stable  modulo  G ^  . 

I 
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REMARK  5.4.11 


In  most  practical  problems,  the  augmented  potential  V, j  is  easier  to  compute  than 
the  amended  potential  VM.  From  Theorem  5.4.8  and  (5.4.34),  it  is  clear  that  positive¬ 
definiteness  of  the  second  variation  of  on  V  is  sufficient  for  stability.  Following 
arguments  similar  to  the  discussion  regarding  V M ,  we  could  get  an  analogous  statement 
as  in  Theorem  5.4.10  with  replaced  by  the  augmented  potential  . 

I 

In  the  following,  we  consider  two  special  cases.  First,  it  is  easy  to  see  that  for  the 
case  of  Q  =  G ,  cf.  Figure  5.4.2, 

Vint  =  {  0  }. 

Consequently,  we  only  need  to  consider  the  Arnold  block  for  stability.  Secondly,  for  the 
case  of  G  =  50(3) ,  we  have 


ad^  f]  =  £  x  rj,  (5.4.44a) 

ad |  (l  —  n  X  £.  (5.4.446) 

where  |,  i)  6  so(3),  and  ft  €  so*(3).  Thus,  Proposition  5.4.9  implies 

Ate  X  f  =  0,  or  =  Af,  (5.4.45) 

where  X  €  1R  is  a  scalar.  It  follows  that  is  the  subspace  spanned  by  the  vector  f , 
which,  in  turn,  implies  that 

G^  -  $i- 

Recall  that  in  Lemma  3.4.5,  is  invariant  along  the  group  orbit,  ■  xe .  From 
Remark  5.4.11,  we  conclude  that  for  this  case,  the  function  defined  in  (3.4.8) 
is  sufficient  for  determining  stability.  We  summarize  the  discussion  in  the  following 
corollary. 

COROLLARY  5.4.12 

We  consider  a  gyroscopic  system  with  symmetry  (Q,K,Y,V,G). 


Ill 


(i)  For  the  case  that  Q  =  G ,  positive  definiteness  of  at  relative  equilibrium,  defined 
in  (5.4.34),  on  Vr/g  X  Vrrj  implies  relative  stability  modulo  G 

(ii)  For  the  case  that  G  =  50(3),  a  strict  local  minimizer  of  the  function  V^,  defined 
in  (3.4.8)  on  the  space  Q/G^  induced  by  the  augmented  potential  corresponds 
to  stable  relative  equilibrium. 

I 

Now  we  implement  the  energy-momentum  method  in  more  detail  for  the  case  of 
G  =  50(3).  Through  the  isomorphism  between  1R3  and  skew  symmetric  matrices 
defined  in  (2.2.1),  we  could  define  the  locked  inertia  dyadic  Ifocj.(x)  as 

(i,  hock(x)v)  =  f-I °ock(x)V,  (5.4.46) 

where  we  have  used  the  trace  pairing,  cf.  (2.2.4)  and  the  matrices  jI;ocfc(x),  I£0Cfc(x) 
are  related  by  the  formula  in  (2.2.2e).  Also,  we  may  define 

I  y(x)  =  l£S), 

where  Iy(x)  g  H3.  Namely, 

(Iy(x),  fj)  =  I°Y(x)  •  7 ]. 

With  these  two  objects,  we  have  the  following  new  representations, 

j°(x,  C)  =  I?ocfc(*)C  +  Iy(*), 

V(  =  V(X)  -  |€-Ifoefc(*)€  -  I vW-f, 
ident1t°(x)fo  =  -(DI°ock(x)6x)  £  -  Dl0Y(x)6x, 

The  bilinear  form  defined  in  (5.4.34)  is  now 

B|(foi,  6x2)  =  ident^°(xe)(5xi  ■  Ifocfc(xe)_1ident^c>(xe)(5x2 

+  D2V^xe)-6x1-6x2. 

The  Arnold  block  in  (5.4.38)  can  be  then  written  as,  cf.  (5.4.44), 

{adfifle,  I lock{xe)  a<^rjMe)  *b  (a£^7jMe?  adf)£) 

=  (He  X  v)  ■  I focfcC^e)"1  (Me  X  T))  +  (Me  X  Tj)  ■  (t]  X  £) 

=  A2  (£  X  7?)  •  ^l^(Xe)-1  -  jlj  (£  X  T,) 


(5.4.47) 

(5.4.48) 

(5,4.49a) 

(5.4.495) 

(5.4.49c) 

(5.4.50) 

(5.4.51) 
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It  is  thus  clear  that  for  the  Arnold  block,  we  need  to  check  the  definiteness  of  the  matrix 
JfodcC^e)-1  —  yl  along  all  directions  except  £.  Note  that  here  A  is  not  an  eigenvalue 
of  the  locked  inertia  dyadic  in  contrast  with  the  case  of  simple  mechanical  systems  with 
symmetry.  The  gyroscopic  field  affects  A  through  the  gyro- momentum  term,  cf.  (5.4.45). 

Since  the  examples  we  shall  consider  later  are  all  with  G  =  50(3),  the  above 
formulae  will  be  used  frequently. 


113 


CHAPTER  VI 

Rigid  Body  in  a  Central  Gravitational  Field 


This  chapter  concerns  the  dynamics  of  a  rigid  body  of  finite  extent  moving  under 
the  influence  of  a  central  gravitational  field.  The  principal  motivation  behind  this  work 
is  to  reveal  the  hamiltonian  structure  of  the  n-body  problem  for  masses  of  finite  extent 
and  to  understand  the  approximation  inherent  to  modeling  the  system  as  the  motion 
of  point  masses.  To  this  end,  explicit  account  is  taken  of  effects  arising  because  of  the 
finite  extent  of  the  moving  body.  In  the  spirit  of  Arnold  and  Smale,  exact  models  of 
spin-orbit  coupling  are  formulated,  with  particular  attention  given  to  the  underlying 
Lie  group  framework.  Hamiltonian  structures  associated  with  such  models  are  carefully 
constructed  and  shown  to  be  non-canonical.  Special  motions,  namely  relative  equilibria, 
are  investigated  in  detail  and  the  notion  of  a  non-great  circle  relative  equilibrium  is 
introduced.  Non-great  circle  motions  cannot  arise  in  the  point  mass  model.  In  our 
analysis,  a  variational  characterization  of  relative  equilibria  is  found  to  be  very  useful. 

The  reduced  hamiltonian  formulation  in  this  Chapter  suggests  a  systematic  ap¬ 
proach  to  approximation  of  the  underlying  dynamics  based  on  series  expansion  of  the 
reduced  Hamiltonian.  We  will  also  establish  nonlinear  stability  results  for  certain  fami¬ 
lies  of  relative  equilibria.  Here  the  energy- Casimir  method  and  the  Lagrange  multiplier 
methods  are  proved  to  be  useful.  This  Chapter  follows  closely  the  discussions  in  [72]. 

6.1.  Hamiltonian  Setting 

In  the  study  of  the  Newtonian  (gravitational)  many-body  problem,  it  is  customary 
to  treat  the  bodies  as  point  masses.  See  (Sternberg  [68],  Smale  [64],  and  Abraham  and 
Marsden  [2]).  However  the  proper  accounting  of  stable  planetary  spins  for  instance, 
would  seem  to  require  the  consideration  of  bodies  of  finite  extent  which  will  be  assumed 
rigid  (possibly  nonhomogeneous)  as  a  first  approximation.  The  works  of  Duboshin 
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[15],  Ermenko  [18],  Elipe  and  Cid  [16],  Elipe  and  Ferrer  [17],  are  concerned  with  the 
existence  of  special  solutions  (e.g.  central  configurations)  in  the  Newtonian  many-rigid- 
body  problem.  However,  in  these  papers,  the  natural  geometric  and  group-theoretic 
underpinnings  of  the  problem  are  not  exploited  to  the  full  extent  possible.  Here  we  work 
out  the  noncanonical  hamiltonian  structure  of  the  problem  of  motion  of  a  rigid  body  in 
a  central  gravitational  field. 

A  configuration  of  the  system  is  depicted  in  Figure  6.1.1.  Let  C  denote  a  fixed 
gravitating  body  of  mass  M  (with  spherical  symmetry)  that  influences  the  motion  of  a 
rigid  body  B  of  mass  m .  The  inertial  frame  of  reference  (of  the  observer)  is  attached 
to  C  and  a  body  frame  is  fixed  on  the  rigid  body  B  at  its  center  of  mass.  A  typical 
material  particle  q  in  the  rigid  body  is  represented  by  the  inertial  vector  q  =  B q  +  r , 
where  B  is  an  element  of  50(3)  (independent  of  the  particle)  and  r  is  the  vector 
from  C  to  the  center  of  mass  of  body  B .  At  any  instant,  the  configuration  of  the  rigid 
body  B  is  determined  uniquely  from  the  pair  ( B,r )  €  5E(3),  the  special  Euclidean 
group  of  rigid  motions  in  1R  . 


Figure  6.1.1.  Rigid  Body  in  a  Central  Gravitational  Field 
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The  kinetic  energy  of  the  rigid  body  relative  to  the  observer  at  C  is, 


T  =  5  L ' 

where  dm  (•)  denotes  the  mass  measure  of  the  body.  Here  onwards,  |  •  |  denotes  the 
Euclidean  norm  in  1R3 .  It  is  an  elementary  fact  that  the  above  expression  simplifies  to 
the  formula,  cf.  (3.5.2), 


T  =  i  <  Q,  m  >  +  j  |  r  |2  (6.1.1) 

where  fl  is  the  body  angular  velocity  vector  of  the  rigid  body  ,  m  is  the  total  mass 
of  the  body  and  I  is  the  moment  of  inertia  tensor  of  B  in  the  body  frame.  We  note 
that  K  =  2 T  defines  a  riemannian  metric  on  SE( 3)  ,  the  configuration  space. 

The  gravitational  potential  energy  of  the  body  B  is  given  by, 


V  = 


GM 


dm(  q) 


f  GM  dm(  q) 

B  k  +  5q  | 


(6.1.2) 


where  G  is  the  universal  gravitational  constant.  The  Lagrangian  for  the  problem  is 
then  a  function 


L:T{SE(  3))  —  TEL, 


(6.1.3) 


(J5,  r,  fl,f)  b-*  T  —  V. 

The  inertial  observer  at  C  has  the  freedom  to  change  his  frame  of  reference  to 
a  new  orientation.  This  corresponds  to  an  50(3)  action  on  the  configuration  space 
C  =  SE{  3): 


$  :  50(3)  X  C  ~  C 

(R,  {B,  r))  -  {RB,Rr). 


(6.1.4) 


It  is  easily  checked  that  this  action  leaves  invariant  the  kinetic  energy  T  (  riemannian 
metric  on  C  )  and  the  potential  V. 

The  Hamiltonian  H  =  T  +  V  is  given  by 
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(6.1.5) 


h  =  =■  <  n,  i_1n  >  + 


2  m 


L 


GM 


+  B  q 


-dm  (q), 


where  II  =  I  (2  is  the  body  angular  momentum  of  the  rigid  body  B ,  and  p  =  mr 
is  the  spatial  linear  momentum  of  the  body.  One  has  also  the  formula, 


7r  —  Blil  +  r  X  mr 
=  .BII  +  r  x  p, 

for  the  spatial  angular  momentum  of  the  rigid  body. 

It  can  be  verified  that  it  =  tt  (Tl,B,r,p)  is  an  Ad*-equivariant  momentum 
mapping  for  the  lifted  action  $T"  on  TmSE( 3)  and  hence  is  a  conserved  quantity  for 
the  dynamics  Xh  .  This  is  further  equivalent  to  Euler’s  balance  law.  To  see  this,  let 
^resultant  denote  the  force  resultant  on  the  rigid  body.  Then, 


resultant  — 


-L 


GM{t  +  flq)  , 
|r  +  £q  P 


and  by  linear  momentum  balance, 


P  —  B resultant. 


(6.1.6) 


On  the  other  hand,  the  torque  resultant, 


% 


resultant 


=  -L 


=  o. 


(r  +  B q)  X  (r  +  B q)  GM 


r  +  B  q 


F,  13 


dm(  q) 


Thus  angular  momentum  (or  Euler’s)  balance  law  yields: 


x  =  0.  (6.1.7) 

Collecting  together  the  balance  laws  one  can  write  the  spatial  form  of  the  dynamics  as 
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=  0, 


7T 

P 

B 


L 


GM  (r  +  -5q) 
|  r  4-  Bq  |3 


dm(  q), 


=  u  B, 


r  —  p/m. 


(6.1.8) 


where  w  is  the  spatial  angular  velocity  of  5  defined  by  B  =  05,  and  we  have  the 
relation  u  =  50.  Equivalently,  in  mixed  body  and  space  variables  (II,5,r,p)  we 
get, 


ri  =  n  x  i_1n  + 


p 

B 


=  -L 


L 


GM(BTr  x  q) 
- —dm{  q), 


B  \r  +  Bq 
GM  ( r  +  5q) 


B  |  r  +  5q  |3 
5I"3!!, 


-dm(q), 


r  =  p/m. 


(6.1.9) 


We  remark  that,  with  the  Lagrangian  (6.1.3),  we  could  apply  the  techniques  developed 
in  Section  2.2  and  obtain  the  same  dynamical  equations,  cf.  Section  4.3. 


6.2.  Symmetry 

Since  H  is  50(3) -invariant,  one  can  induce  a  Hamiltonian  H  on  the  quotient 
T*  (5E(3))/50(3)  and  express  the  dynamics  Xfj  in  terms  of  appropriate  reduced 
variables,  see  Section  3.3.  In  the  present  context  it  is  easy  to  determine  the  reduced 
variables.  Note  that 

$T*  :  50(3)  x  T*55(3)  ->  T*5£( 3)  (6.2.1) 

(iZ,  (n,5,r,p)) »— •  (U,  RB ,  Rr,  Rp) 

is  the  cotangent  lift  on  T*SE( 3)  corresponding  to  the  action  (6.1.4).  A  representative 
for  each  equivalence  class  in  T*55(3)/50(3)  is  given  by 

(n,  1,  BTr,  BTp). 
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Thus  the  reduced  variables  (or  convected  variables)  are: 


II,  the  body  angular  momentum, 

A  =  BTr,  the  convected  radius  vector  from  C,  and 
fi  —  BTp,  the  convected  linear  momentum. 


In  terms  of  these  convected  variables,  the  dynamics  Xfj  takes  the  form 

GM  (A  x  q) 


n  =  n  x  r 


_1n  +  f 

JB 


A  +  q 


-dm(  q), 


A  =  Axl_1n  + 


E 

m 


fi  =  p  x  T 


■ln  -  / 
JB 


GM(X  +  q) 

1 1 TW  (q)’ 


and  the  Hamiltonian  H  is  given  by, 


h  =  -(n,i_1n)  + 


2m 


-L 


GM 


A  +  q 


— dm(q). 


(6.2.2) 


(6.2.3) 


Equations  (6.2.2)  with  Hamiltonian  (6.2.3)  are  the  Poisson  reduced  equations  on 
T*5E(3)/50(3)  ~  so*(3)  x  1R3  X  IR3  .  The  reduced  Poisson  bracket  can  be  found  in 
the  following  way.  The  resulting  bracket  captures  the  geometry  of  the  central  force  field 
problem. 

Let  (•,•)  denote  the  pairing  between  TmSO(3)  and  TSO( 3)  as  defined  in  (2.2.5). 
P  =  T*SE( 3)  carries  a  canonical  symplectic  structure  and  hence  a  Poisson  structure 


{-,-}p  given  by 


{f,g}P(B,BTL,r,p)=(DBf, 


dg 

dBfl 


)  ~  {DBg, 


df  .  +  df_  d£ 
dBfl  dr  dp 


dg_  df_ 
dr  dp  ’ 


where  denotes  the  natural  pairing,  i.e.  the  Euclidean  inner  product  on  II3  . 

The  group  G  =  50(3)  acts  on  SE( 3)  by  left  multiplication,  cf.  (6.1.4).  With 
reduced  variables,  n,  A,  p,  we  will  compute  the  reduced  Poisson  structure  on 
T*5£(3)/50(3)  ~  so*(3)  xE3xE3.  Since  so*(3)  ~  IR3,  the  question  is  equivalent  to 
finding  a  Poisson  structure  on  IR3  X  IR3  X  IR3 . 

Let  f,g  G  Cco(IR3  X  IR3  X  IR3),  and  define  f,gE  0oo(r*5EJ(3))  as 

f(B,Bfl,r,p)  =  f(YL,BTr,BTp). 
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By  the  definition  of  reduced  Poisson  structure,  we  have 


{f,g}p/a(  n,A,/i)  =  {f,g}P(B,BTl,B\,Bp). 


(The  right  hand  side  is  the  canonical  bracket  in  T*SE{ 3).)  Then,  by  the  canonical 
bracket  on  T*SE{ 3), 


{/,5}p/g( n,A,/x)  =  (DBf,  — rr)  -  (-Db5, 

O-Dli 


<9/  .  5/  dp 

dBtl  '  dr  dp 


dp  df_ 
dr  dp' 


Instead  of  computing  each  element  in  the  above  formula  individually,  we  compute  the 
differential  of  /.  An  argument  similar  to  the  one  in  constructing  representations  for 
second  tangent  bundle  in  Section  2.2  will  be  applied  to  find  global  representations 
of  elements  in  TT’SE(3 ),  T*T*SE(  3).  Let  W  =  (Bv\,  B(viti  +  $2),  v3,  v4)  6 
T(B,Bii,r,P)T*  S  E(3) .  It  generates  the  curve 

^Be6Vl,BeeVl(fl  +  ev2),r  +  ev3,p  +  ev^  C  T*SE( 3) 


Thus  the  differential  is  given  by, 

df{B,Bfl,r,p)-W 
d 


de 

d_ 

de 


f  ,Beev'(tl  +  ct)2),r+  ev3,p  +  ev^j 

f  (il  +  ev2,eiV* BT(r  +  ev3),eev*  BT(p  +  e 


■  v,  +  K  ■  dlB^r  +  Btk)  +  •  tfBTp+BTr,t) 


Of  ..  Of 


d\ 


dp 


df 


>d/ 


,d/ 


=  |-Ax^-^^|.r1  +  ^.,2  +  5^.r3  +  ^.r, 


dn 


dp 


Let  the  elements  in  T*  g ^  r  ^T*SE(3)  be  denoted  as,  cf.  (2.2.6), 


(5(Sn  +  a),56,c,d)  . 


We  have 


a 


,  df  df 
AxdA  MXdp’ 


c 


d  =  5 


£/ 

dp’ 


d/ 

dir 
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Thus  we  obtain 


°‘f  =  *  (fiTft  “  x  fl>  ‘  x  |>)  '  W  » 

df  =  jjdl  df  =  dl 
dr  dX  ’  ’ 


The  reduced  bracket  can  then  be  derived  as 

{/,5}p/<?(n,  A,/i) 


3/ 


5A 


a/ 

5A 


*1 


<  B 


:n-(Ax  |f)-(/i><  ^)! 


tdg_ 

d\ 


B 


df 


=  ^(r  I  iT—T'— 


1 


rT  %  T  df 


an  an 


I  + 


2 


dix' 

df  dg  dg  df 
dX  dg  dX  dg 


.  dg  dg\ 

xdx+^xdjl) 


an 


-_n 

{dn  dn’  dx'  dg  ax'  dti 


df 


an 


dg 


+  T&'  Ax^  +  fX 


aA 


% 

dg. 


dg 

an 


\  a/  df 

s  x  dX+^X  dg 


.  a/  a/ 
Xxjx+»xrg 


=(df  df  dJ_T 

{dU  dX  dg  ’ 


In  terms  of  the  notation  introduced  before,  the  matrix  form  for  the  Poisson  tensor  A  is 

(6.2.4) 


REMARK  6.2.1 

The  reduced  Poisson  structure  derived  here  is  very  closely  related  to  the  one 
derived  by  Krishnaprasad  and  Marsden  for  the  dynamics  of  a  rigid  body  with  a  flexible 
attachment  [38].  The  key  link  is  the  geometry.  In  [38]  the  unreduced  phase  space  is 
infinite  dimensional  and  is  given  by 

Px  =  TmSO( 3)  x  TmC 
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where  C  =  {/  :  [0,  L\  — +  ]R3  |  /  is  smooth}  is  the  configuration  space  for  the  string 
attachment.  In  the  present  paper  the  unreduced  phase  space  is 

P  =  T*SE(Z)  =  T*50( 3)  x  T’R3. 


In  both  settings,  the  reduction  is  by  50(3).  In  [38],  the  Poisson  bracket  takes  the  form 


{/>5}p„/g  =  -n  •  ( 


+ 


[h  df_ 

Jo  dE 


‘LLx°2.)+  [l 
an  an>  +  J0 


dg 


Ax-  +  ^x 


/  dj_  '  dg_  _  dg_  df_ 
\<9A  d/i  d\  dii 
dg 


ds 


d£)is-I» 


an 


A  x 


df  df\  J 

Tx+l*xT,)is’ 


where  the  convected  variables  A,  n  are  IR3  valued  functions  on  [0,l],  As  we  let  the 
flexible  attachment  become  vanishingly  small  (l  — ►  0)  with  infinitely  large  density, 
{v}jwg  “collapses”  to 

I 

In  terms  of  the  Poisson  tensor  A  on  so“(3)  X  IR3  X  IR3 ,  (6.2.4),  equations  (6.2.2) 
take  the  compact  form, 

/n\  /ft  A  A  /Vn  H\ 

A  =  A  0  I  VXH  =  A  VH.  (6.2.5) 

\A/  \d  -I  0  J  \v.Hj 

The  Poisson  structure  is  rank-degenerate,  and  there  are  nontrivial  Casimir  functions  of 
n,  A,  /i.  Casimir  functions  are  kinematic  conserved  quantities  for  equations  of  the  form 
(6.2.5).  In  fact,  any  function  C $  of  the  form,  cf.  (5.3.7), 

c*  =  4>(|n  +  AxM  I2), 


is  a  Casimir  function.  Here  <j>  :  IR  — >•  IR  is  any  smooth  scalar  function.  Moreover, 
these  are  the  only  Casimir  functions  defined  on  the  open  set  of  generic  points  of  A  . 

From  the  general  properties  of  Casimir  functions,  we  know  that  C$  is  an  integral 
invariant  for  any  Hamiltonian  vector  field  and  in  particular  for  Xfj.  It  is  further 
important  to  note  that  replacing  H  by  a  suitable  approximation  (such  as  derived  from 
series  expansions  of  the  Newtonian  potential  term)  does  not  affect  the  integral  invariance 
of  CV  This  is  of  some  use  in  developing  an  analytic  perturbation  theory. 
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6.3.  Relative  Equilibrium 

With  the  symmetry  discussed  in  the  previous  section,  we  put  our  system  into  the 
framework  of  simple  mechanical  systems  with  symmetry.  The  elements  are, 

Q  =  SE(  3), 


K((UuU2),(WltW2))  =  tr(f/1/W1T)  +  m<  U2,W2  >E, 
V{B' r)  - 


G  =  50(3), 


(6.3.1) 


where  (U\,  Ui),  {W\,  W2)  €  T(b,  r)SE(3),  and  I  is  the  coefficient  of  inertia  of  the 
rigid  body.  The  superscript  T  in  W;  denotes  matrix  transpose. 


With  this  framework,  we  now  discuss  the  concept  of  relative  equilibrium  defined 
in  Definition  3.4.2.  For  the  dynamics  X fj  of  a  rigid  body  in  a  central  gravitational!  field, 
the  relative  equilibria  are  determined  by  setting  the  time  derivatives  in  equation  (6.2.2) 
(or  (6.2.5))  to  zero.  On  the  other  hand,  in  general  position,  i.e.  II  0,  XC^  spans  the 
kernel  of  A .  Thus  we  have  the  energy-Casimir  characterization  of  relative  equilibria  in 
general  position:  (II,  A,  fi)  is  a  relative  equilibrium  iff 


XH  =  VC<0,  for  suitable  0,  (EC) 

iff  (  Lagrange  multiplier  characterization  ) 

I_1II\  /  n  +  Ax/i  \ 

VaF  =  a  I  /XX  (H  +  Axm)  I  •  (LM) 

%  )  \(II  +  Ax|i)xA/ 

where  a  0  is  a  constant  and 

=  ~  l  ivm- ■ 

On  the  other  hand,  the  algorithm  in  the  principle  of  symmetric  criticality  provides 
us  an  alternate  characterization  of  relative  equilibria,  cf.  Algorithm  3.4.4,  or  3.4.7.  In 
what  follows  we  apply  this  principle  to  find  the  relative  equilibria  for  the  problem  of 
rigid  body  motion  in  a  central  force  field. 

For  i  €  so(3),  the  corresponding  infinitesimal  generator  of  the  group  action  on  Q 
can  be  found  as 
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fa(B,  r )  =  (£B,  Zr). 


(6.3.2) 


We  then  have 


K(Zm(B,  r),  Zm(B,  r))  =  <  5r£,  I BTZ  >B+m|(xr  |2, 


(6.3.3) 


and 


^(5,  r)  =  -  l-  <  BtZ ,  I5T(>£-im|(xr|2 


/  CM  j 

-  /  T  -  ,  —  i  *»(q). 

Jb 


IB  \  r  +  Bq\ 

We  then  get  the  first-order  conditions  for  ( B ,  r )  to  be  a  critical  point: 
(i)  m  Z  X  (f  X  r)  +  J 


(r  +  B q)  GM 
- - — — — rfm(q)  =  0 


(«)  e  x  (5i5To  -  / 

Jb 


B  \r  +  Bq 
( r  X  Bq)  GM 


dm(q)  =  0. 


(6.3.4) 


(6.3.5) 


IB  I  r  +  Bq  |3 

Next,  we  calculate  pe  in  Step  2.  The  map  Kb  can  be  found  as  follows.  For  (w\B,  w2) , 
(y,\B ,  u2 )  G  T(B,r)SE(3), 

Kb  (wiB,  w2)  ( U\B ,  u2) 

=  tr(xb\B  IBTuJ )  +  m  <  w2,  u2  >e 
=  <  ui,  BIBT  w\  >e  +  <  ^2,  mw2  >e  ■ 

Thus 

iFb(u>iB,  tw2)  =  ((BIB5^)  B,  mw2)  6  T(’B>r)  S£(3). 


We  then  have 


Pe  =  K\SM(qe))  =  ((BIB^Z)  B,  mZr) 
=  (B(lF0,  mi  r)  . 


(6.3.6) 


Note  that  in  the  formula  for  pe  ,  the  two  components  correspond  to  the  angular  mo¬ 
mentum  and  linear  momentum  respectively.  If  we  let  p  denote  the  body  representation 
of  the  linear  momentum,  we  get 
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(iii)  fi  —  mBT£r. 


Substituting  fi  =  BT  £,  A  =  BTr,  conditions  (z),  (zz),  (Hi)  read 


and 


(0 

(it') 


m  fi  x 


(fix  A)  +  [ 
Jb 


(A  +  q)GM 
I  A  +  q  |3 


dm(  q)  =  0, 


fixlfi 


L 


(A  X  q)  GM 
!  A  +  q  |3 


dm(  q)  =  0, 


(in')  n  =  m  (fi  X  A). 


(6.3.7) 


These  conditions  are  identical  to  the  conditions  obtained  from  the  reduced  dynamics 
(6.2.2)  and  the  definition  of  relative  equilibrium. 

Now,  if  we  take  the  cross  product  with  A  on  both  sides  of  (z'),  we  get 

mAe  X  (fi,  X  (fie  X  A,))  +  [  iX,e-r~--)G^dm(q)  =  0. 

JB  I  Ae  +  q  I 

(Here  again  the  subscripts  e  refer  to  equilibrium.)  Comparing  it  with  (ii') ,  we  obtain 


m  Ae  X  (fie  X  (fie  X  Ae))  +  fie  x  Ifie  =  0. 


By  standard  identities  in  vector  analysis,  we  get 


fie  x  (I  —  m\e\l)  fie  =  0. 


(6.3.8) 


We  conclude  that  must  be  an  eigenvector  of  the  matrix  I  -  m\e\J . 

Let  denote  the  corresponding  eigenvalue.  Then  one  can  obtain  the  relative 
equilibrium  characterization  (LM)  from  (6.3.7)  by  setting, 

1 


a  = 


ke  +  m  I  Ae  I2 


(6.3.9) 


Conversely,  using  the  identity, 
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A  x  ((ft  x  A)  x  ft)  =  -  ft  x  (A  x  (ft  x  A)) 


=  (A  •  ft)/ u, 

and  a  few  further  algebraic  manipulations,  one  can  derive  (6.3.7)  from  the  relative 
equilibrium  characterization  (LM).  We  leave  the  verification  to  the  reader.  Thus  the 
two  characterizations  are  equivalent.  Of  course,  for  simple  mechanical  systems  with 
symmetry,  the  equivalence  of  the  characterization.  (EC)  or  (LM)  and  the  variational 
characterization  based  on  the  augmented  potential  holds  in  general. 

Note  that  we  fix  (  while  searching  for  critical  points  of  Thus  ft  =  BJ  £  is  of 
fixed  norm  as  B  varies  over  SO (3). 

Let 


I  «  I2  =  If  I2  =  /?■ 

Define  Vp  (ft,  A)  to  be  V^(B,  7)  expressed  in  the  convected  variables  ft,  A.  Then, 

Vp  (ft,  A)  =  -  I  <  ft,  Ift  >£  -  j  |  ft  x  A  |2 

+  V  (A).  (6.3.10) 

Clearly,  the  critical  points  of  Vp  on  the  sphere  |  ft  |2  =  0  satisfy  the  unconstrained 
variational  principle, 


d(Vp  +  -1-  |  ft  |2  )  =  0,  (6.3.11) 

la 

where  1/2 c  is  a  Lagrange  multiplier.  The  first-order  conditions  associated  to  (6.3.11) 
are, 


Ift  +  mAx(ftxA) 


1_ 

a 


ft 


(ft  x  A)  x  ft  =  v,\  V . 


m 
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(6.3.12a) 

(6.3.126) 


These  are  exactly  the  equations  we  get  by  eliminating  fj,  =  m(Q  x  A)  in  the  relative 
equilibrium  characterization  (LM).  The  unconstrained  variational  principle  (6.3.11), 
parametrized  by  a,  and  the  associated  first-order  conditions  (6.3.12)  appear  to  be  most 
suited  to  the  explicit  computation  of  relative  equilibria.  Before  we  proceed  with  such 
specific  computations  we  make  some  general  geometric  observations  concerning  relative 
equilibria. 

Observe  that,  by  taking  the  inner  product  of  both  sides  of  (in')  with  Ae,  we  get 

<  Ae,  fie  >e  =  0  (6.3.13) 

at  a  relative  equilibrium  (  Ae,  /ie,  0e  ).  If  (  re,  Be  )  is  a  relative  equilibrium 
configuration,  then  the  dynamical  motion  is  such  that 

r(t)  -  e ^  re 

B(t)  =  e*  Be.  (6.3.14) 

This  follows  from  (3.4.1)  that  at  a  relative  equilibrium  the  dynamical  orbit  is  just  a 
group  orbit. 

PROPOSITION  6.3.1 

In  relative  equilibrium,  the  radius  vector  r(t)  generates  a  right  circular  cone. 

Proof 

From  (6.3.14), 

<  r(f),  r(t)  >E  =  <  et€'  re,  e‘€*  re  >E  =  <  re,  re  >E  ■ 


Also 


< 

=  < 

=  < 

=  < 


r  — 


<  r,£>E  f  <  r,£  >e  f 


r  — 


r,  r  >E 


re,  re  > e  - 


re,  re  >E  - 


1C!2  ’  ^  Kl2 

<  ri€  >~E 


K|2 

<  re,  £  >| 

is  l" 

<  re,  £  > 


E 


Kl2 


>E 


=  constant. 
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Figure  6.3.1.  Cone  generated  by  r(t) . 


Thus  r(t)  is  a  circle  of  radius  re,  re  >e  -  <rfe’p>£  j  ^  centered  at  C'  =  <r^-s-£ .  See 
Figure  6.3.1. 

I 

Next  we  discuss  the  notion  of  non-great  circle  motions.  For  a  rigid  body  of  finite 
extent,  if  the  center  of  (relative  equilibrium)  rotation  C'  does  not  coincide  with  the 
center  C  of  the  force  field,  then  the  stationary  motion  will  be  called  a  non-great  circle 
motion.  The  existence  of  such  motions  is  in  question.  See,  e.g.  the  model  problem  below 
and  also  the  gyrostat  example  in  Rumyantsev  [59]. 

From  equation  (6.1.9), 


GM  (r  +  B q) 
|  r  +  5q  |3 


dm(  q) 


m  £2  re. 


Substituting  r  =  re  and  B  =  Be  on  the  left  hand  side,  we  get, 


GM  (rg  +  Be  g) 
I  re  +  Be q  |3 


dm( q)  =  m  £2 


re- 
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Taking  the  inner  product  of  both  sides  with  £,  we  get, 


<  £>  re  >E  +  <  Be  q  >E 

I  re  +  Be q  I3 


dm( q)  =  m  <  f,  £2  re  >  =  0. 


Hence 


<  re  >E 


L 


dm(  q) 


re  +  Be  q 


^  13 


=  -L 


FTT'S^TF'1  ' 


Equivalently, 


<  ft  re  >e 


<  f ,  -Be  q  >£ 


dm(q)  / 

JB 


dm(  q) 


re  +  5eq  |3  ’ 


>B  I  re  +  -Beq  |3 

The  quantity  <  f,  re  >£  is  proportional  to  the  cos(0)  (refer  to  Figure  6.3.1),  and  C 
and  C'  coincide  iff  <  f ,  re  >e  =  0.  If  the  body  B  were  a  point  mass,  <2  =  0  and  hence 
<  re  >E  =  0.  If  for  a  rigid  body  of  finite  extent,  the  integral 

<  £,  Be  q  >E 


L 


re  +  Be  q 


n  I  ^ 


■dm{ q)  0, 


then  C,  C'  are  not  coincident. 


Since 

<  £,  re>E  =  <  Bjt,  Btr  Te  >E 

=  ftg  •  Ae, 

we  conclude  that  a  relative  equilibrium  (Ae,  fte,  fie)  determines  a  non-great  circle  motion 

iff 


fte  •  Ae  ^  o.  (6.3.15) 

One  can  test  the  non- vanishing  condition  (6.3.15)  in  various  settings.  We  now  demon¬ 
strate  that  there  are  examples  which  do  not  admit  great  circle  relative  equilibria.  We 
first  assume  that  the  relative  equilibrium  is  a  great  circle.  Then  the  equilibrium  can  be 
found  by  solving  (  from  (6.3.12)  and  ft  •  A  =  0  ), 

ftxlft  =  0, 

/  +  rfm(q)  =  m|n|^.  (6.3.16) 

Jb  lA  +  ql3 
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with  mjfij2  being  the  Lagrange  multiplier. 

Now  we  consider  a  model  problem.  The  body  is  an  asymmetric  “molecule” 
consisting  of  six  point  masses,  two  on  each  principal  axis.  See  Figure  6.3.2. 
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In  this  example,  we  know  that  I  is  diagonal  and  thus  for  a  great  circle  relative 
equilibrium,  fi  must  be  along  a  principal  axis.  With  the  notations  in  Figure  6.3.2,  we 
have  the  following  conditions, 


Xi 

7* 

X2, 

XiTTlXl  —  X2TTlX2, 

(6.3.18  a) 

2/i 

2/2, 

2/i  =  2/2  my7, 

(6.3.18  6) 

Z\ 

•22, 

21  m2l  =  z2mZ2, 

(6.3.18c) 

i.e.,  the  body  is  asymmetric  and  the  coordinate  system  is  assumed  to  be  at  the  center  of 
mass  of  the  body.  We  now  study  the  solutions  of  (6.3.17),  namely,  the  critical  point  of  V 
subject  to  the  condition  (6.3.17b).  Let  |A|  =  a,  and  A  =  (A1,A2,A3).  For  the  molecule, 
the  function  V  can  be  written  as, 

y  _  _ mXi _ . _ mX2 _ | _ myi _ 

(a2  -  2\\Xi  +  x\ )i  (a2  +  2Ai2,-2  +  x2)^  (a2  -  2\2y2  +  y\)i 

_ mV2 _ _ mZ\ _ | _ _ 

(a2  +  2A2j/2  +  vl)^  (or  -  2\zzx  +  zl)^  (a2  +  2A3z2  +  z2)^ 

Now  we  parametrize  the  vector  A  as 

Ai  =  a  cos  $  cos  0,  A2  =  a  cos  <f>  sin  0,  A3  =  asin<£,  (6.3.20) 


(6.3.19) 


with 


0  <  6  <  2t r,  0  <  <t>  <  jt. 


This  parametrization  is  valid  for  every  point  on  the  sphere  except  the  intersections  of 
the  sphere  with  the  e3  axis.  By  substituting  (6.3.20)  into  (6.3.19),  the  partial  derivative 
of  V  with  respect  to  4>  evaluated  at  (f>  =  0  can  be  found  to  be 
dV  _  -2  azxmZl  2az2mZ2 

d<t>  4,=o  (a2  +  zl)i  (a2  +  z$)% 

-1  1 


(6.3.21) 


=  2azjm2l 


(a2  +  zf)i  '  (a2  +  zl)i 


+ 


Because  of  (6.3.18c),  this  will  never  be  zero.  Thus  the  solution  of  (6.3.17)  can 
never  appear  when  =  0 ,  or  on  the  e2  -  e2  plane.  Similarly,  be  choosing  other 
parametrizations,  cf.  (6.3.20), 
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Ai  =  acos^sin^,  Ao  =  asin<^,  A3  =  a  cos  </>cos  0, 


and 


Ai  =  asind>,  Ai  =  a  cos  d>  cos  6,  A3  =  acos</>sin0, 


with  the  condition  (6.3.18),  we  could  show  that  the  solution  of  (6.3.17)  cannot  lie 
on  ei  -  e3  ,  e2  -  e 3  planes  respectively.  We  have  thus  established  the  fact  that  for  the 
molecule  system  the  solution  of  (6.3.17)  cannot  be  perpendicular  to  any  principal  axis. 
It  follows  that  A  -  fit  0,  which  contradicts  our  assumption  of  a  great  circle  relative 
equilibrium.  Accordingly,  we  conclude  that  for  this  example,  there  are  no  great  circle 
relative  equilibria. 


6.4.  Approximations 

For  typical  applications  in  the  modeling  of  planets  or  artificial  earth  satellites,  the 
nominal  radius  of  the  orbital  motion  is  very  large  compared  to  the  dimensions  of  the 
orbiting  body.  Accordingly,  it  seems  appropriate  to  consider  various  approximations  of 
the  gravitational  potential  based  on  Taylor  series  in  a  neighborhood  of  |  A  |  =  00  or 
equivalently  |  r  |  =  00.  While  such  approximations  are  common  in  the  literature,  it 
is  unclear  whether  the  symmetries  and  conservation  laws  inherent  in  the  problem  are 
respected  by  the  approximation  process. 

In  the  present  paper,  we  take  the  Poisson  reduced  model  (6.2.5)  as  the  logical 
starting  point  for  approximations.  The  Hamiltonian  H  is  approximated  to  various  orders 
of  e  =  (nominal  dimension  of  body)  /  (orbital  radius),  by  the  Taylor  series  expansion  of 
the  V  (A)  potential  term  appearing  in  H : 


F(A) 


L 


GM 
|A  +  q| 


dm(  q) 
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GM 

|A| 


<  Q,  A  > 

|A|2 


iJsil 

2  I A  |2 


3<  Q,X  >2 
2  |A|4 


GMm 

GM  /  t\ 

3  GM 

|A|  J+[ 

2|A|3<r(I)  + 

2  |A|®  <  A,IA  > 

+  °(l  A|  — 5) 

(6.4.1) 

In  (6.4.1)  the  first  term  in  brackets  is  of  the  order  e°  and  the  next  term  is  of  the  order 
e2 .  The  e1  term  is  absent  due  to  the  vanishing  of  Jg  q  dm(q). 


We  will  therefore  consider  two  approximate  model  Hamiltonians, 


Ho=  -<n,r1n> 


|//|2  GMm 


and 


2m  |  A  j  ’ 

|/i|2  GMm 


*=  J<n.i-1n>+2m 


GM  _  3  GM  ,  TX 

rZr(I)  +  -7777-  <  A,IA  >  . 


2|A|3 


2  I A|s 


(6.4.2) 


(6.4.3) 


Upon  substituting  Hq  and  H 2  respectively  for  H  in  the  Poisson  reduced  dynamics 
(6.2.5),  one  obtains  the  order  zero  reduced  dynamics; 


n  =  n  x  i_1n, 


A  x  I  1II  +  /i/m, 
GMm 

I  x  13  A> 


fi  =  fi  x  i  1n  - 

and  the  order  two  reduced  dynamics; 


n 

A 

A 


n  x  i_1n  +  f—  a  1  a, 

I  A  I5 

a  x  i-1  n  +  /i/ra, 


n  X 


i_1n 


GMm  ,  3 GM 

i  A  |3  A  "  2|  A  |5 
3 GM  T,  ,  15  GM 
I  A  I5  1  +  2  |  A  |7 


tr  (I)A 

•  <  A,  IA  >  A. 


(6.4.4) 


(6.4.5) 


As  already  noted  at  the  end  of  section  6.2,  all  such  approximations  admit  a  common  set 
of  conserved  quantities  (Casimir  functions)  of  the  form  C$  =  4>  (|  II  +  A  x  /i  |2) .  Since 
the  order  0  dynamics  is  essentially  decoupled,  it  has  additional  conserved  quantities  of 
the  form  (I  n  |2),  and  the  spin  energy  1/2  <11,  I-1  II  >.  If  the  body  is  spherically 
symmetric,  i.e.,  I  =  kl ,  then  the  order  two  approximation  collapses  to  the  order  zero 
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approximation.  In  general,  the  order  two  approximation  displays  nontrivial  spin-orbit 
coupling. 

With  the  order  Zero  approximation  of  H  (6.4.2),  the  relative  equilibria  (fte,  Ae) 
satisfy,  from  (6.4.4), 


i  fie  =  k  ne 


GMm 

|A|3  e 


=  m(fie  x  Ae)  x  fie. 


(6.4.6a) 

(6.4.66) 


By  taking  the  inner  product  of  both  sides  of  (6.4.6b)  with  fie,  we  conclude  that 
Ae  •  fie  =  0,  i.e.  all  relative  equilibria  in  the  order  zero  approximation  give  rise  to 
great-circle  orbits.  From  (6.4.6b)  and  the  condition  fie  ■  Ae  =  0,  we  get  the  Kepler 
frequency  formula, 


|fi| 


(6.4.7) 


Summarizing,  the  only  relative  equilibria  for  the  order  zero  approximation  are 

(a)  fie  is  a  principal  axis  of  I; 

(b)  Ae  is  a  vector  perpendicular  to  fie  satisfying  the  Kepler  formula  (6.4.7); 

(c)  ne  =  m  (fie  x  Ae)  completes  a  triad.  (6.4.8) 

With  the  same  assumptions  as  (6.4.8a)  and  (6.4.8b)  above,  it  is  possible  verify  the 
existence  of  “uniformly  spinning  solutions”  to  the  order  zero  reduced  dynamics: 


Ifi  (f)=  Ifi 

u 


m 

A (t)  =  exp  ( t 
p(t)  = 


fie  |  ^  ^ 


(6.4.9) 


fie 


m  (  1  +  ,  ^  i  )  exP  (  ^  1  r\  !  ^ ei 


fie 


with  the  modified  Kepler  frequency  formula, 


(w  +  |  fie  |)  — 


GM 

iXT 


1/2 


(6.4.10) 
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The  quantity  ui  measures  the  body  spin  relative  to  a  moving  Frenet-Serret  frame  at  the 
center  of  mass  of  the  body. 

For  the  order  two  model  (6.4.3),  (6.4.5),  the  first-order  conditions  for  the  variational 
principle  (6.3.11)  take  the  form 


m  |  Cl 


(I  —  m  \\T)Cl  = 
A  —  m  (Cl  •  A)  f!  = 


(—  —  m 
a 

GMm 


+ 


A  I3 

3GM 


A  + 


A  |2)  Cl 
3GM 


2|  A 


tr(I)A 


IA  -  TiTF(ATlA)A 


(6.4.11) 


The  equations  (6.4.11)  admit  a  family  of  solutions  (relative  equilibria)  corresponding  to 
great  circle  motions: 

(a)  Cle  is  a  principal  axis  (eigenvector)  of  I  with  corresponding  principal  moment  of 
inertia  I;,  i  =  1,  2,  3; 

(b)  Ae  is  a  principal  axis  (eigenvector)  of  I  perpendicular  to  Cle ,  with  associated 
principal  moment  of  inertia  Ij ; 

(c)  fxe  =  m  ( Cle  x  Ae); 

and,  the  following  modified  Kepler  frequency  formula  holds: 


I  fie 


3  (Ij  -  2 Ij  +  Ik)\ 1/2 
2m  |  Ae  |2  j 


(6.4.12) 


In  the  above  relation  i,  j ,  k  are  distinct  and  take  values  in  {1,  2,  3}.  Hence 
the  correction  term  in  (6.4.12)  may  be  of  either  sign.  It  follows  that  for  the  order 
two  approximation  there  are  twenty-four  1  parameter  families  of  relative  equilibria 
(accounting  for  Cl  being  in  each  of  the  six  directions  along  the  principal  axes  (with 
sign)  and  four  directions  for  A  corresponding  to  each  choice  of  Cl),  the  scalar  parameter 
being  /3  =  |  Cl  |2  =  |  £  |2  as  in  Section  5. 

This  conclusion  appears  to  be  a  classical  result  exhibited  in  different  form.  See  for 
instance  the  book  of  Beletskii  [8].  However,  the  hamiltonian  point  of  view  together  with 
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the  approach  of  reduction  has  entirely  eliminated  the  formidable  mess  of  Euler  angles 
and  such. 

In  the  following,  we  show  that  for  practical  parameter  ranges,  all  the  relative 
equilibria  in  the  order  two  approximate  model  are  great  circle  motions.  Let 

(I  —  m\XT)Cl  =  aCl, 


or 


I  Cl  —  aCl  —  mXXTCl. 

With  the  notation  r  =  XTCl ,  we  have 

mrX  =  Ill  -  aCl.  (6.4.13) 

We  note  that  r  ^  0  corresponds  to  solutions  that  are  not  great  circles,  while  r  —  0 
implies  a  standard  eigenvalue  problem.  The  dot  product  of  (6.4.13)  with  ft  then  yields 

a  =  w{ilTm  ~  mr^’ 

and  substitution  in  (6.4.13)  gives 

-  nnT)I!i  +  IST*0-  (6-4'14) 

Taking  the  dot  product  with  Cl  of  the  second  equation  in  (6.4.11),  we  get  the  following 
equation 


(m  + 


trl  -  a£t^IA)t  +  r^TfiTIA  =  0. 


2|A| 


2|A 


|A|2 


(6.4.15) 


Assuming  r  ^  0,  and  multiplying  (6.4.15)  by  r,  we  have 
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<m+wM-  wATlA)r!  +  wnTlrX  = 

With  the  expression  for  rX  in  (6.4.14),  we  obtain  the  equality, 

("  +  WirI-^  +  F^Fw 

o  (6.4.16) 

=  ~ro|A|2|fl|2  ~  lfiTlfil2}  • 

But  we  know  that 

|fl|2|IQ|2  -  |Qrm|2  >  0. 

Thus  (6.4.16)  can  have  a  solution  with  r  ^  0  only  if 

TO  +  2jA|2trI  "  2p^‘ XTU  +  |A|2|«|2  fiTm  -  °’ 
which  can  be  true  only  if 

ra  ■  waTia  £  °’ 

or 

^AtIA  >  1,  (6.4.17) 

where 

A  =  1^1’  1  =  /  1  ‘ 

It  is  easy  to  see  that  for  large  A ,  (6.4.17)  is  not  satisfied.  In  particular,  to  satisfy  (6.4.17), 
the  ratio  must  be  greater  than  jj .  But  for  typical  artificial  satellites,  this  ratio  is 
approximately  10-10.  For  the  motion  of  moon  around  the  earth,  it  is  approximately 
1.6  X  10~5.  Thus  we  have  shown  that  for  the  practical  case  of  large  orbit  radii,  the 
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24  relative  equilibria  (for  the  second-order  approximate  model )  are  the  only  relative 
equilibria.  This  conclusion  is  of  special  interest  since  we  have  constructed  a  numerical 
example  (the  “molecule”  in  Figure  6.3.2)  in  which  the  exact  model  has  no  great  circle 
relative  equilibria. 


6.5.  Stability  of  Relative  Equilibria  in  the  Approximate  Models 

In  this  section,  we  study  the  stability  properties  of  the  relative  equilibria  for  the 
approximate  models  discussed  in  Section  6.4.  For  both  order  zero  and  order  two  cases, 
the  triple  (II,  A,  p)  is  a  relative  equilibrium  if  the  three  vectors  are  along  the  three 
principal  axes.  Without  loss  of  generality  we  let 


11* 

Ae 


Pe 


|n|c!  =  iii^id, 


|A|  e2, 

m|n||Al 

h 


e3  =  m|fi|A|  e3, 


(6.5.1) 


where  |fi|  and  |A|  are  related  through  the  appropriate  form  of  the  Kepler  frequency 
formula,  and 

I  ex  =  he3, 

I  e2  =  /2e2, 

I  e3  =  /3e3. 


We  shall  examine  the  stability  of  this  relative  equilibrium  in  various  cases  determined 
by  the  relative  magnitudes  of  the  principal  moments  of  inertia  I; . 


For  the  order  zero  reduced  dynamics  (6.4.4),  the  energy- Casimir  method  of 
Chapter  5  is  inconclusive  since  the  second  variation  of  the  energy-Casimir  function  is 
only  positive  semi-definite  (has  a  zero  eigenvalue).  We  linearize  the  system  around  the 
relative  equilibrium  (6.5.1).  Let 

Sx  =  (mi,  m2,  m3,  6xu  sx2,  sx3, 6pu  6p 2, 6p3f.  (6.5.2) 


We  have  the  linearized  system 
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Sx  =  A  Sx , 


where  A  is  the  matrix, 


/ 


0 
0 
0 
0 

0 
0 
0 

mjnNAl 

/f-1 

V  o 


0 

0 

A32 

0 

0 

0 

n»|nim 

hh 

0 

0 


0 

A-23 

0 

1M 

I3 

0 

0 

0 

0 

0 


0 

0 

0 

0 

0 

0 

mGM 

~w 

0 

0 


0 

0 

0 

0 


h 


ImGM 


0 

0 

0 

0 

M 

h 


mGM 

‘W 


0 

0 

0 

X 

m 

0 

0 

0 

0 

0 


0  \ 

0 

0 

0 


±  0 


0 

0 

0 

/1 


m 


M 

h 


0  ) 


with 


=  (i-i)ini,  a,,  =  (i-i)ini 


By  the  frequency  formula  (6.4.7),  we  can  write  A  in  the  form  of 


( 

0 

0 

0 

0 

0 

0 

0 

0 

°\ 

0 

0 

V-i°i 

0 

0 

0 

0 

0 

0 

0 

1 

3" 
^  1 

15 

0 

0 

0 

0 

0 

0 

0 

0 

0 

h 

0 

0 

0 

x 

m 

0 

0 

0 

0 

0 

0 

0 

\n\ 

0 

x 

m 

0 

0 

0 

0 

0 

-|0| 

0 

0 

0 

x 

m 

0 

"»|n|l*l 

h 

0 

-m|0|2 

0 

0 

0 

0 

0 

m|n||A| 

h 

0 

0 

0 

2m|n|2 

0 

0 

0 

m 

\ 

0 

0 

0 

0 

0 

— m|ft 

0 

-ini 

0  / 

Denote  the  upper  left  3x3  matrix  by  A\  and  the  lower  right  6x6  matrix  by  A 2 .  It 
can  be  shown  that 


Pi(s)  =  det(sl  -  Ai)  =  s  (V  +  13  ^ 12  — 11  , 


p2(s)  =  det(sl  —  A2)  =  s‘  (s'  +  |D|2)  • 
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The  characteristic  polynomial  of  A  is  p(s )  =  Pi(s)p2(s).  It  can  be  further  verified  that 
the  minimal  polynomial  of  A  is 

m(»  =  s2  (V  +  — 7l  -■  ^  Jl  |fl|2)  (s2  +  \n\2) . 

The  occurrence  of  a  repeated  root  of  the  minimal  polynomial  at  5  =  0  implies  linear 
instability  of  the  relative  equilibrium  (6.5.1)  for  the  order  zero  approximate  model  (See 
Gantmacher  [22],  Theorem  3,  pp.  129).  Alternatively,  the  one  parameter  family  of 
“uniformly  spinning  solutions”  given  by  (6.4.9)  represents  a  perturbation  of  the  relative 
equilibrium  (6.5.1)  that  departs  any  small  neighborhood  of  the  relative  equilibrium  in 
finite  time,  and  hence  we  have  instability.  We  note  that  this  conclusion  is  independent 
of  the  relative  magnitudes  of  the  /j ’s. 

REMARK  6.5.1 

The  projection  of  (II,  A,  p)  to  the  space  of  II  projects  the  order  zero  dynamics  to 
the  usual  rigid  body  dynamics.  For  this  projected  dynamics,  the  equilibria  in  which  the 
vector  II  is  along  the  maximum  or  minimum  principal  axes  are  stable. 

I 

We  now  study  the  stability  of  relative  equilibria  of  the  order  two  reduced  dynamics 
(6.4.5).  For  the  relative  equilibrium  (6.5.1),  we  have  the  following  identity,  cf.  (6.4.12), 

-W  -  w(m+wM1)~w/2)-  (6'5'3) 


Now  we  discuss  sufficient  conditions  for  the  stability  of  these  24  relative  equilibria.  We 
apply  the  energy- Casimir  method  discussed  in  Section  5.2.  The  general  form  of  the 
energy- Casimir  functional  for  our  case  is 

(6.5.4) 


fr  InTr-ln  M 

H<t>  “  211  I  n+  2  m  |  A  | 


The  first  variation  of  H *  can  be  found  as  SH^IL, \,p)  =  VF4  •  Sx,  where 


( 

I^n  +  ^'n 

VJT0(  n,A,*i)  = 

GM 

w 

,  3trl  15ArIA\  \  , 

^m+2|IF  "2TaFJA  + 

qyj^-IA  +  <f>'  /in 

\ 

-  <t>' An 

m  “ 

/ 
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and  6x  is  as  in  (6.5.2),  and, 


n  =  II  +  Ax/i. 


The  matrix  representation  of  the  second  variation  of  H $  is 


V2^( n,A,^)  i 

( I  1  +  <f>'  1  +  4>"nnT 

—  <f>"nnTft 

4>'X  +  <fr"nnT\\ 

+  <t>"p.nnT 

GM  ,  3<rl  15AtIA\ 

W  Vm  +  W  )  1 

3GM  (m  ,  5trl  35AtIa\  mT 

+  W  1]aF-JAA 

+<p"p.nnT  A 

-15GA/ AATI  -  lf^IAAT 
cj)"p,nnTfi 

~4>'  A  —  <£"AnnT 

<f>'h  +  4>'\{i  +  <f>"\nnTfi 

£i  7  <^'AA 

\ 

— <f>"\nnT\  / 

In  the  above  formulae,  <f)'  represents  its  value  at  |n|2/2,  and  the  same  convention  is 
applied  to  <f>" .  Now  we  find  the  variations  at  (ne,Ae,Me).  By  using  (6.5.3),  we  have 


Virile,  \e,He) 


(1  +  <t>'K) 


'r^  m|A||fi|2e2 

V  |A||fi|«3  / 


where 


K  =  h  +  m|A|2. 


Thus  in  order  for  the  first  variation  to  vanish,  we  require  1  4-  4>'K  =  0 ,  or 


<t>'  = 


K ' 


(6.5.5) 


Substituting  these  values  in  the  second  variation  formula,  we  get  a  9  X  9  symmetric 
matrix  F  =  V2H<p( Ue,Xe,ne)  with  nonzero  components, 
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(6.5.6) 


*ii 

*22 

*33 

*44 

*55 

*66 

*77 


*-*i  m|n||A|  „  |A| 

-pT’  15  ~  — F”’  Fl9  =  e  ’ 

K-h  r  m|fl||A| 

j  -C24  = 


hK 

K-h 


K 


F  _  \M 

*3*  ’  Fa7  K  ’ 
,„.2*i  ZGM 
-  ^  +  1Ti5_(/l  ~  *0, 


|A|E 


=  +  fi.  =  -inid  +  sgll). 


R 


|A|= 


R 


=  m|ftp  + 


2  .  3 GM 


|A|5 


(h~h),  *68  =  |fi|, 


*x  1  E-m|A|2 

P?’  *88  =  *99  =  —  ■ 


where 


With  the  lower  triangular  matrix  X  given  by  nonzero  elements  as, 

J2ro|Q||A| 


*42  =  “ 
*51 


*73  =  — 


*V-/2  ’ 

m|G||A|Ji 
i2-Ji  ’ 

*3|A| 


*86  = 


*t'  -  *3  ’ 

H 

*66’ 


*91  =  7  (m|n|*95  +  1), 


*95  = 


R-h 

*59 
*55’ 


*59  —  -|fi|  (  1  + 


**55  =  77z)r2| "  (  4  + 


K  -  Ix 
R-h)' 

IC  -h\  2mGM 


(6.5.7) 


R-h)  |A|3  ’ 

and  all  the  diagonal  elements  are  1.  we  can  transform  *  into  a  diagonal  matrix 

D  =  *  *  *T, 


(6.5.8a) 

(6.5.86) 

(6.5.8c) 

(6.5.8(f) 

(6.5.8e) 

(6.5.8/) 

(6.5.85) 

(6.5.86) 
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where 


with 


D  =  diag 


R-h 

I\R  ’ 


Ii  -  h  IC  -  Iz 
IoK  ’  IZK 


(h  —  h)Dn,  —D55,Fq6, 


h  —  h _ 

m{K-hY 


{h  —  h)D%%, 


Uh  ,  R-K  ) 
D55  +  m(R-h))' 


m|fi|2  3  GM 
K-h+  |A|5 

3  GM 

HA|5-f66  ' 


(Since  congruence  transformations  preserve  the  matrix  inertia ,  we  can  read  off  the 
number  of  negative  eigenvalues  of  F  from  D .) 

We  shall  now  consider  the  case  in  which, 


I\  >  I3  >  I2  ■ 


To  have  stability  from  the  energy- Casimir  method,  we  require  that  all  the  eigenvalues  of 
F  (  equivalently  of  D  )  be  positive.  This  holds  if 


R-h 


R 


>  0, 


D55  < 


(6.5.9a) 

(6.5.96) 


and 


Uj 9  R-K 

£>55  m(R-h) 


>  0. 


(6.5.9c) 


For  (6.5.7),  we  have 

R  —  h  1  _  h_ 
R  =  R 


m|A|2 

K 


+  4>"hK2\n\2. 


Thus  (6.5.9a)  holds  if  <p"  >  0.  We  next  consider  (6.5.9b).  By  the  definition  (6.5. 8h)  of 
£)55  and  the  frequency  formula  (6.5.3),  we  get 

K  -h  2  A 


D  55  =  m\Q,\‘  4  + 


R-h 


1  + 


trl 


2mj  A  j 


rh 


Let 
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'  "  2^Xf(h  +  h~^h)' 

For  the  case  under  consideration  e  >  0  and  for  |A|  large  compared  to  the  typical 

dimensions  of  the  body,  e  is  small.  The  other  term, 

K  -  h  m|A|2  (1  /K  -  (j>"I{2\Q\2) 

R-h  ~  m\X\2/K  +  <p" IiK2\Q.\2  ' 

For  |A|  large  and  <j>"  large  enough, 

K-h  _  mjA|2  (-ggW)  _  _mjAp  * 

R-h  ~  h  "■  (0-5.1U) 

Thus 

D55  Si  m|fij2  ^4-  -  d'j  , 

for  |A|  large  and  4>"  large  enough.  Since  9  >>  4,  we  have  D55  <  0.  This  is  (6.5.9b). 
Now  we  look  at  (6.5.9c).  It  is  e;isy  to  see  that  if  we  show 

v*+^Th)D* <0'  <6-5-u> 

then  together  with  (6.5.9b),  we  have  (6.5.9c).  From  (6.5.10),  for  |A|  large  and  4>"  large 
enough, 

uS9  - 


From  the  definition  (6.5.7)  of  R,  we  have 

R-K 


R 


=  <f>"K3\Q\2. 


Thus 


R-K 


ft'K3  |Q|2 


K 


—  1  +  0, 


m(R-h)  +  <fi"I1K2\n\2  h 

for  |A|  large  and  <j>"  large  enough.  Now  we  verify  (6.5.11).  Under  the  same  condition, 

=  |n|2  (5  -  IT7  +  (1  -  TT7)e) 

~  -|n|20 


0. 
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Thus  (6.5.7)  hold  for  |A|  large  and  <p"  large  enough.  We  have  the  following  theorem. 


STABILITY  THEOREM  6.5.2 

For  the  order  two  approximate  model,  the  relative  equilibrium 

in  =  ;in 
I  A  =  J2A 
I  pi  =  I3ft 

is  stable  if  |A|  is  sufficiently  large  and, 

I\  >  I3  >  I2  • 


I 

This  shows  that  the  relative  equilibrium  in  which  the  body  center  of  mass  traverses 
a  circular  orbit,  the  angular  velocity  lies  along  the  principal  axis  of  the  body  with  the 
largest  associated  moment  of  inertia  (  minor  axis  of  the  ellipsoid  of  inertia  ),  and  the 
radius  vector  is  aligned  to  the  principal  axis  with  the  least  associated  moment  of  inertia 
(  major  axis  of  the  ellipsoid  of  inertia  ),  is  a  stable  relative  equilibrium. 

HISTORICAL  REMARK  6.5.3 

A  similar  theorem  appears  in  Beletskii’s  book  [8],  pp.  94-102.  Beletskii  uses  a 
spatial/inertial  model  of  the  coupling  between  translational  and  rotational  motion  and 
presents  arguments  based  on  a  Lyapunov-Chetayev  approach  [13],  and  uses  in  effect 
the  variational  equations  about  the  stationary  motion.  In  contrast,  here  we  make 
consistent  use  of  modern  hamiltonian  methods  and  reduced  variables.  The  methods 
of  this  paper  yield  a  nonlinear  stability  theorem  and  generalize  to  nonrigid  and  other 
complex  configurations.  See  for  instance  the  examples  considered  in  [38],  [44],  [33],  [41], 

[42],  [56]. 

I 

The  above  discussion  demonstrated  that  it  is  sometimes  not  straightforward  to 
explicitly  find  an  appropriate  function  (j)  in  the  energy-Casimir  method.  In  Section  5.3, 
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we  describe  a  more  classical  characterization  of  relative  equilibria  as  critical  points  of 
the  constrained  variational  principle, 

min  JT2(n,A,/i)  (6.5.12) 

subject  to  C(II,A,/z)  =  constant 


where  H2  is  the  Hamiltonian  (6.4.3)  and  C  is  the  Casimir  |jn  +  A  x  fi\2 .  The  associated 
first-order  conditions  coincide  with  the  characterization  (LM)  of  relative  equilibria,  with 
the  unknown  constant  a  being  interpreted  as  a  Lagrange  multiplier. 

The  Lagrangian  (  in  the  sense  of  optimization  theory  )  associated  with  the  above 
constrained  variational  principle  is  recovered  if  in  (6.5.4)  we  take  <fr(x)  =  —a  x. 
Consequently  the  second  variation  can  be  recovered  as  a  special  case  of  that  calculated 
in  (6.5.6).  When  (f>  is  linear,  =  0,  and  consequently,  R  —  K.  Therefore  for  the 
second  variation  Fa  of  H  -  a  C ,  cf.  (6.5.6),  we  have  the  matrix  elements 


*Ti  = 


-^22  = 
Fiz  = 
f: 


K-h 
I\K  ’ 
K-h 
I2K  ’ 
K-h 
IzK  ' 
i2  h 


=  - 


m|fl||A| 


F 2a4  = 


K 
m|fl||A| 


pa  _  !AI 
Fl9  ~ 


Ii 

-  lAl 

^37  -  K, 


3  GM 


«  =  -mi  j + 1W 


(A  -  It), 


(6.5.13) 


„  .  ,2 .  m|Ai!2.  2mGM 

Ffs  =  — m|fl|2(4  4 - )  + 


I  A)3 


F5%  =  -|fi|(l+^), 


K 


F6Q6  = 
F?t  = 


m|ft|2  +  ^(J:t_/2),  =  |fi|, 


|A|5 
Ft 8  = 


1 

"  J 

rn 


F9%  = 


K  -  m|A|2 


mK ’  ^88  ~  m'  mK 

A  comparatively  simple  Gaussian  elimination  then  reveals  that  Fa  is  congruent  to 


Da  —  diag 


f  K  -  Ix  K  -  h 
\  hK  '  I2K 


K-h 

hK 


,  (h  -  h)D 44,  -Df 5,  Fee, 


h-h 

m(K  -  I3) 


,  (h-h)Dss, 


4|fi|2 


D 


55 


where 


Dfs  =  5m[fi| 2 


2  mGM 

IaF" 


146 


and  the  other  coefficients  are  as  defined  previously.  From  the  identity  (6.5.3),  we  have 
further  that 

Dfs  =  m|n|!  (5  -  . 

For  |A|  sufficiently  large,  the  expressions  for  the  various  coefficients  reveal  that  K 
is  large  and  positive,  and  D44 .  D f5 ,  F66  and  D$s  are  all  positive.  Consequently  the 
signs  of  the  entries  of  Da  are  determined  by  the  signs  of  the  entries 

{  +  5  +  >  +  ,  (h  -  h)  >  —  >  +5  {h  —  h)  ,  {h  ~  h)  1  +  }  ■ 

We  shall  restrict  attention  to  satellites  in  which  the  inertias  are  distinct  so  that 
Fa  is  nonsingular.  Otherwise  additional  symmetries  arise,  and  the  analysis  is  slightly 
more  complicated.  There  are  six  cases  of  distinct  inertias.  See  Table  6.5.2,  in  which  the 
number  of  negative  eigenvalues  of  Fa  is  shown  in  each  case,  and  each  case  is  assigned  a 
reference  number  in  parentheses. 

Table  6.5.2.  Rigid  Body  Inertia  Combinations 


I 2  min 

Jo  middle 

J2  max 

h  >  h 

(1)  1 

(2)  2 

(3)  3 

h  <  h 

(4)  2 

(5)  3 

(6)  4 

According  to  Theorem  5.3.2,  it  suffices  to  analyze  whether  the  condition 

(h,  Fah)  >0,  V  h  ±  0  and  (VC(ne,  Ae,jue),  h)  =  0  (6.5.14) 

is  satisfied.  Because  the  subspace  of  admissible  variations  h  has  codimension  1,  condition 
(6.5.14)  cannot  hold  whenever  Fa  has  two  or  more  negative  eigenvalues.  Accordingly 
the  only  case  in  which  (6.5.14)  might  hold  is  case  (1),  if  >  I3  >  hi  in  which  Fa  is 
nonsingular  and  has  precisely  one  negative  eigenvalue. 

To  analyze  (6.5.14)  in  case  (1),  we  shall  apply  a  general  result  bearing  upon 
families  of  extremals  to  variational  principles.  Notice  that  (6.5.1)  actually  defines  a 
one-parameter  family  of  relative;  equilibria  which  can  be  regarded  as  being  parametrized 
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by  the  magnitude  of  the  radius  of  the  orbit,  i.e.  |A|.  But  the  multiplier  a  is  related  to 
|A|  through  a  =  (cf.  (6.5.5)),  so  the  family  can  also  be  parametrized  by  the 

multiplier  a.  Along  this  family  the  Casimir  can  be  written,  using  (6.5.1)  and  (6.5.3),  as 


)|n  +  Ax/<|! 


+  m|A|!)2 

amji  +  m|Ap)2 

m|A|5 


m|A|2  +  -(/x-2/2  +  /3) 


(6.5.15) 


Consequently,  for  |A|  large  the  Casimir  is  an  increasing  function  of  |A|  along  the  family 
of  relative  equilibria,  and  consequently  a  decreasing  function  of  a .  We  may  now  apply 
the  aforementioned  result. 


LEMMA  6.5.4  (Maddocks  [44],  Lemma  5.2,  pp.  316) 

Suppose  a  family  of  variational  principles  of  the  type  (6.5.12)  have  a  family  of 
critical  points  xe(a )  parametrized  by  the  multiplier  a.  Moreover,  suppose  that  the 
second  variation  at  a  particular  extremal  is  nonsingular  with  one  negative  eigenvalue. 
Then  the  second-order  sufficient  conditions  (6.5.14)  at  that  extremal  are  satisfied  if  and 
only  if  the  constraint  C  is  a  decreasing  function  of  the  multiplier  a  at  that  parameter 
value. 

COROLLARY  6.5.5 

Solutions  (6.5.1)  in  case  (1),  Ii  >  I3  >  h  are  Lyapunov  stable  for  all  j  A |  sufficiently 

large. 

Proof 

It  has  been  shown  that  the  hypotheses  of  the  previous  Lemma  hold,  and  thcit  C(a) 
is  decreasing  for  relative  equilibria  with  [  A  j  sufficiently  large.  Thus  condition  (6.5.14) 
holds  and  Theorem  5.3.2  then  applies  to  provide  the  desired  result. 

I 

The  configuration  of  this  stable  relative  equilibrium  could  be  depicted  in  Fig¬ 
ure  6.5.1. 

Accordingly  we  have  reclerived  the  Stability  Theorem  proved  in  Theorem  6.5.2. 
We  notice  that  here  we  have  not  proven  instability  in  the  order  two  model.  Actually 
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Figure  6.5.1.  Configuration  of  the  Stable  Relative  Equilibrium 

the  results  of  Maddocks  [45](Section  5)  can  be  applied  to  show  that  for  large  |A|  the 
relative  equilibria  in  any  of  the  cases  (2), (4), (6)  in  Table  1,  are  dynamically  unstable.  An 
outline  of  the  analysis  is  that  when  Fa  has  an  even  number  of  negative  eigenvalues  and 
C(a)  is  a  decreasing  function,  then  the  linearized  dynamics  must  possess  an  unstable 
real  eigenvalue. 

We  remark  that  the  energy-momentum  method  developed  in  Section  5.4  can  be 
also  applied  in  the  order  two  approximate  model.  The  same  sufficient  conditions  for 
stability  could  be  obtained.  Since  we  are  more  interested  in  applying  that  method  for 
the  problem  including  momentum  wheels  on  the  rigid  body,  we  present  it  in  more  detail 
in  the  following  chapter. 
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CHAPTER  VII 
Gyroscopic  Control 


In  Chapter  3,  we  introduced  the  notion  of  a  gyroscopic  system  with  symmetry. 
One  example  was  discussed  in  Chapter  4,  namely,  the  multibody  analog  of  the  dual¬ 
spin  problem.  Equipped  with  the  tools  for  stability  analysis  developed  in  Chapter  5, 
we  investigate  several  key  examples  that  incorporate  gyroscopic  effects.  We  give  precise 
sufficient  conditions  for  stability  in  each  example.  It  is  useful  to  view  each  of  these 
examples  as  resulting  from  gyroscopic  feedback  as  defined  below. 

7.1.  Gyroscopic  Feedback 

The  notion  of  gyroscopic  control  is  isolated  here  to  highlight  the  role  of  the 
gyroscopic  term  from  the  viewpoint  of  designing  control  algorithms.  A  simple  mechanical 
system  with  symmetry  with  exterior  forces  can  be  transformed  into  a  gyroscopic  system 
with  symmetry  by  using  suitable  feedback  laws,  that  we  refer  to  as  gyroscopic  feedback. 
This  process  is  described  in  the:  following  theorem. 

THEOREM  7.1.1 

Consider  a  simple  mechanical  system  with  symmetry,  ( Q,K,V,G )  in  which  the 
riemannian  metric  is  given  by,  in  local  coordinates, 

K(x)(v,  w)  =  vT  M(x)w.  (7.1.1) 

The  exterior  force  exerted  on  the  system  is  denoted  by  a  horizontal  1-form  (a,  0).  Let 
Y  be  any  G -invariant  1-form  on  Q .  Then,  with  the  feedback  law, 

( dY  dYT  \ 

«*-  =  -  (^(I>  -  <*>)  (7X2) 
the  closed-loop  system  becomes  a  gyroscopic  system  with  symmetry  (Q,  K,  Y,  V,  G) 
where, 
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Y  (re)  =  M(x)-1  Y(x). 


(7.1.3) 


Proof 

The  dynamical  equations  for  ( Q,K,V,G )  with  exterior  force  can  be  found  to  be, 

dV 

M(x)-x  =  T-x-x  -  —(a;)  +  «•  (7.1.4) 

where  T  is  defined  in  (3.2.6b).  With  the  feedback  law  (7.1.2),  it  is  then  easy  to  see 
that  (7.1.4)  becomes  (3.2.7)  which,  in  turn,  corresponds  to  a  system  with  Lagrangian 
in  the  form  of  (3.2.2).  With  the  transformation  rule  (7.1.3),  the  system  can  be  further 
identified  as  a  gyroscopic  system  with  symmetry,  (Q,K,Y,V,G) . 

I 

Accordingly,  we  have  a  family  of  gyroscopic  feedback  laws  induced  by  G -invariant 
1-form.  The  techniques  used  in  analyzing  gyroscopic  systems  can  then  be  applied. 
In  particular,  the  methods  for  stability  analysis  based  on  the  energy- Casimir  method, 
the  Lagrange-multiplier  method,  and  the  energy- momentum  method  as  discussed  in 
Chapter  5  are  applicable.  The  gyroscopic  term  affects  the  dynamical  behavior  in  many 
aspects,  as  will  be  seen  in  the  following  sections.  As  a  consequence,  a  suitable  gyroscopic 
feedback  may  be  chosen  to  fulfill  design  objectives.  Much  work  remains  to  be  done  on 
general  methods  for  choosing  Y . 


7.2.  Rigid  Body  Attitude  Control 

We  first  consider  the  well-treated  single  rigid  body  dual-spin  problem,  see  e.g.  [36] 
[3].  The  system  consists  of  a  rigid  body,  the  platform,  with  three  symmetric  rotors,  the 
driven  rotors,  spinning  at  constant  speeds  relative  to  the  platform  along  the  principal 
axes  of  the  platform.  See  Figure  7.2.1.  Following  similar  notations  in  Chapter  4,  let 
B  E  S0(3 )  denote  the  attitude  of  the  platform  with  fl  its  instantaneous  body  singular 
velocity.  Let  I,  Is(,  i  =  1,2,3  be  the  moments  of  inertia  of  the  platform  and  the  driven 
rotors,  respectively.  The  constant  relative  angular  velocities  of  the  driven  rotors  are 
denoted  by  a  vector  0  =  (#i,02,#3)-  The  Lagrangian  of  the  system  takes  the  form, 
cf.  (4.3.6), 
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1(5,  ft) 


(7.2.1) 


=  |  <  Cl,  Jft  >E  +  <  Cl,  I50  >E, 


where 


j  =  i  + 

»=1 

Is  =  dlag((ISl)i  ,(Is2)2  ,(l53)3). 


(7.2.2a) 

(7.2.26) 


Namely,  J  is  the  total  moment  of  inertia  of  the  platform  with  locked  driven  rotors  and 
Is  is  a  diagonal  matrix  consisting  of  the  components  of  the  moments  of  inertia  of  the 
driven  rotors  along  their  spinning  axes.  Both  matrices  are  expressed  in  the  body  frame. 


Letting  l  =  I s0,  (7.2.1)  can  be  further  written  as 

X(5,  Cl)  =  i  <  Cl,  JO  >  +  <  ft,  /  >,  (7.2.3) 

by  dropping  the  subscript  e  for  the  Euclidean  inner  product.  This  system  belongs  to 
the  category  of  gyroscopic  systems  with  symmetry  with  the  following  entities, 
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Q  =  S0(  3), 

I{  (Bu i,  5u2)  =  <  ui,  Ju2  >, 

7(5)  =  5J^/,  (7.2.4) 

V(B)  =  0, 

G  =  50(3), 

where  Util,  j3fi2  €  Ts50(3).  The  group  action  here  is,  cf.  (3.5.6), 

G  x  Q  ->  Q, 

(i2,  5)  i— ► 

with  the  infinitesimal  generator,  cf.  (3.5.7), 

€q(B)  =  £  B , 

for  £  G .  It  is  straightforward  to  check  that  I\  ,  Y  are  both  invariant  under  the  group 
action.  To  find  a  relative  equilibrium,  we  apply  the  principle  of  symmetric  criticality, 
Algorithm  3.4.4.  Fix  £  6  G  ■  The  augmented  potential  is  found  to  be 

W  =  -  <  Y(B),  Sq(B)  »  -  \  «  £«(£),  fr(5)  >, 

=  -  <  J"1/,  J5X£  >  -  |  <  BT£,  J5t£  >,  (7.2.5) 

=  -  <  £,  Bl>  -  i  <  £,  >  • 

A  critical  point  Be  of  this  function  gives  us  the  relative  equilibrium  (5e,  £J9e)  6  TQ. 
Letting  v  =  J BT£,  the  problem  of  finding  the  critical  points  of  is  equivalent  to  finding 
the  critical  points  of 

Vj(i')  =  -  <  v,  l  >  Jv  >,  (7.2.6) 


subject  to  the  constraint 

\v\  =  j£]  =  constant. 

This  function  is  in  fact  the  one  defined  in  (3.4.8)  as  a  function  on  Q /G% .  Since  the  group 
here  is  50(3),  as  discussed  in  Section  5.4,  Vj  is  sufficient  to  determine  stability.  We 
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may  now  vary  the  constant  vector  l  and  see  how  the  phase  portrait  is  affected  from  . 
In  particular,  for 

l  =  (h,  0,  0),  and  J  =  diag(«7x,  J2,  J3),  (7.2.7) 

we  plot  the  function  V j  on  the  sphere  \v\  =  constant  for  different  /x  in  Figure  7.2.2. 

Notice  that  in  Figure  7.2.2(a),  the  minimum  or  maximum  points  of  V \  correspond 
to  rotation  about  the  axes  with,  largest  or  smallest  moment  of  inertia,  respectively.  These 
are  stable  relative  equilibria.  The  intermediate  axis  corresponds  to  the  saddles  of  Ve . 
These  reconstruct  classical  stability  results  for  rigid  body  dynamics.  It  may  be  observed 
that  the  number  of  critical  points  of  V, j  reduces  from  six  in  (a)  to  two  in  (d)  with 
increasing  / x .  Also  the  critical  points  change  their  properties  with  different  l\ .  This 
is  the  phenomenon  discussed  in  [34]  [36].  For  sufficiently  large  /x ,  the  state  that  the 
platform  rotates  about  the  axis  l  could  be  made  to  be  the  only  stable  critical  point. 
Accordingly,  with  a  suitable  damping  mechanism,  attitude  acquisition  of  the  platform 
could  be  achieved  through  this  process.  By  varying  l\ ,  we  could  thus  “shape”  the  phase 
portrait  as  we  desire.  This  exhibits  the  essential  idea  behind  gyroscopic  control.  Namely, 
by  varying  the  gyroscopic  field  Y ,  the  phase  portrait,  or  the  structure  of  the  dynamical 
behavior,  could  be  controlled. 

Now  we  apply  the  energy-momentum  method  to  this  example  to  get  some  quanti¬ 
tative  understanding.  Since  for  this  problem,  cf.  (7.2.4),  G  =  Q ,  we  need  only  consider 
the  Arnold  block  for  stability,  cf.  Corollary  5.4.12.  Also  since  G  —  50(3),  the  anal¬ 
ysis  in  (5.4.51)  could  be  applied.  Accordingly,  we  check  the  positive  definiteness  of 
I“ocfc(i?e)-1  —  jl  in  any  direction  except  £.  Here  the  locked  inertia  dyadic  can  be 
found  through,  for  £,  fj  €  so( 3), 

(i,  hock(B)i))  =  <  ZB,  f)B  >  =  <  f,  BJBTr]  >  . 

It  follows  that,  cf.  (5.4.46), 

I °lock{B)  =  B  J  Bt.  (7.2.8) 

The  element  in  Q *  induced  by  gyroscopic  field  Y  is  determined  from,  for  77  e  so(3) , 
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(a) 


0>) 


(c) 


(d) 


Figure  7.2.2.  Plot  of  Vj 
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(ly(-B),  v)  =  <  -BJ-1/,  fjB  >  =  <  Bl,  rj  > 


thus,  cf.  (5.4.47),  the  gyro- momentum  is, 

1^(5)  =  Bl. 

At  relative  equilibrium,  cf.  (5.4.49a), 

He  =  BeJBj£  +  Bel. 

In  order  to  satisfy  the  criticality  condition,  (5.4.45),  we  need 

BeJBj£  +  Btl  =  A  f. 


Now  let  ex,  e2,  e3  denote  three  principal  axis  of  the  platform,  and 

J  ex  =  J\  ex,  J  e2  =  ^2e2?  J  63  =  J3e3. 


Let 


£  =  |f| -Bex,  l  =  lx  ex,  with  /1  >  0. 


This  gives  rise  to  a  relative  equilibrium  with 

Ji\s\  +  h 


X 


Since  I°0C*.(5)  1  =  BJ  1 BT ,  we  have 


I  L^e)-1  -  T1  =  Be 


Ifl 


/  J_  _  1 
0 

\  0 


J _ i 

J 2  A 

0 


0 

0 

J _ 1 

J3  A  ' 


Bl 


By  taking  out  the  direction  £ ,  stability  is  ensured  by  the  conditions 

1  1  ,  1  1 

A  >  aad  h~  A  >  °’ 

which  is  equivalent  to,  by  substituting  (7.2.14), 

h  >  {h  -  J\)  |C|,  and  /1  >  (J3  -  J\)  Id- 

Moreover,  from  (7.2.10),  we  know  that  \jie\  =  -Aid  +  h  ■  Thus  conditions 
equivalent  to  the  conditions 


(7.2.9) 

(7.2.10) 

(7.2.11) 

(7.2.12) 

(7.2.13) 

(7.2.14) 


(7.2.15) 
(7.2.15)  are 
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> 


(7.2.16a) 


h 

M  -  h 

h 

|/ie|  —  l\ 


> 


h  ~  h 

Ji 

h  ~  Ji 
h 


(7.2.166) 


These  sufficient  conditions  for  stability  are  useful  in  design/choice  of  l\ .  For  example,  if 
we  want  the  platform  to  rotate  stably  about  its  intermediate  axis,  we  have 


J3  >  Ji  >  •72- 


Condition  (7.2.16a)  is  satisfied  trivially.  We  then  design  the  relative  angular  momentum 
l  to  satisfy  l\  >  (J3  —  Ji)|£|.  The  stable  motion  about  its  intermediate  principal  axis 
is  thus  obtained.  In  [11]  [10],  a  variety  of  feedback  laws  were  developed  for  rigid  body 
dynamics  with  exogenous  force  where  the  closed-loop  systems  are  of  the  dual-spin  form 
in  a  generalized  sense.  While  the  energy-Casimir  method  was  used  there,  as  illustrated 
above,  the  extension  of  the  energy-momentum  method  developed  in  this  dissertation 
could  be  directly  applied. 


7.3.  Rigid  Body  with  Momentum  Wheel  in  a  Gravitational  Field 

In  this  section,  we  consider  the  motion  of  a  rigid  body  with  rotors  in  a  central 
gravitational  force  field.  This  problem  is  a  hybrid  of  the  problems  discussed  in  Chapter  6 
and  in  Section  7.2.  We  will  utilize  the  energy-momentum  method  for  stability  analysis 
and  will  recover  the  stability  conditions  of  Chapter  6  when  we  specialize  to  the  case  of 
no  driven  momentum  wheels. 

The  system  configuration  can  be  imagined  by  replacing  the  rigid  body  in  Fig¬ 
ure  6.1.1  by  the  assembly  depic  ted  in  Figure  7.2.1.  Following  similar  notations  in  previ¬ 
ous  discussions,  the  system  may  be  put  into  the  framework  of  gyroscopic  systems  with 
symmetry  with  the  following  entities,  cf.  (6.3.1),  (7.2.4), 
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Q  =  SE{  3), 

K((Bu i,  vi),  (Ptt2,t>2))  =  <  wi,  J«2  >  +  m<  vi,v2  >, 
Y{B,  r )  =  (.BJ^Z,  0), 

F(s' r)  =  -Lkfkdm(i)~  t  Lvkrnim{^ 


(7.3.1) 


G  =  50(3), 

where  J,  l  is  defined  in  (7.2.2a),  (7.2.3)  respectively  and  m  is  the  total  mass  of  the  body 
and  rotors.  The  lagrangian  of  this  system  can  be  then  written  as,  cf.  (6.1.3),  (7.2.3), 

1  jf) 

L(B ,  r,  fi,  v)  =  -  <  Q,  Jfl  >  +  —  |  v  |2  +  <  /  >  -  V(B,  r).  (7.3.2) 


Analogous  to  the  discussions  in  Chapter  6,  we  could  approximate  the  system  by 
the  approximations  of  the  potential  function  V .  In  the  following,  we  will  consider  the 
order  two  approximate  model,  namely,  V  is  approximated  by,  cf.  (6.4.1), 


V(B,  r)  =  - 


mGM  GM  .  .  3 GM  t 

<r(J)  +  —  <  r,  B3Btt  > 


2|r 


2|r| 


(7.3.3) 


The  group  action  is  the  same  as  in  (6.1.4),  with  the  infinitesimal  generator  shown  in 
(6.3.2).  The  locked  inertia  dyadic  associated  with  the  riemannian  metric  can  be  found 
as,  cf.  (6.3.3), 

I °ock(B,  r )  =  BJBt  -  mrr.  (7.3.4) 


The  gyro-momentum  in  Q *  induced  by  the  gyroscopic  field  is  the  same  as  in  Section  7.2, 
namely, 

I °y(B,  r)  =  Bl.  (7.3.5) 

The  momentum  mapping  associated  with  this  system  is  then,  cf.  (5.4.17),  for  77  £  Q , 

rj  hh-  (BJBT  —  mfr)T]  +  Bl.  (7.3.6) 

Now  we  apply  the  principle  of  symmetric  criticality.  For  fixed  £  €  G  —  so(3)  =  1R3  , 
the  augmented  potential  VJt  is 

Vz(B,  r)  =  V(B ,  r)  -  ;r  <  ( BJBT  -  mrr)S  >  -  <  Bl,  £  >  .  (7.3.7) 

4* 
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The  derivative  of  the  augmented  potential  can  be  found  as 

DVz(B,  r )  •  ( uB ,  v) 

GM 


=  < 


(m+2i7Fir(J)~2RfrT5J5Tr)  r  “ 


3 GM  „T  „T 
+  BJBTr,  v> 

M5 


(7.3.8) 


3  GM 


+  <  — -[r  fBJBTr  +  £BJBTi  +  £Bl,  u>  . 


Accordingly  we  get  the  conditions  for  relative  equilibrium,  cf.  (6.3.5),  (6.4.5), 

£  x  (BJBT£  +  Bl )  =  r  x  BJBTr, 

lrr 

x  (r  x  0  =  ^  (m  +  ^  tr(  J)  -  —jv  rTBJBTr^j  r  (7.3.9) 


3  GM 
|r|s 


BJBTr. 


Now  for  ei ,  e2  ,  e3  being  three  principal  axes  of  the  body  with  rotors,  i.e.  J  ej  =  J,  e; , 
for  i  =  1,2,3,  we  let,  cf.  (7.2.13), 

f  =  |£|  Bex,  l  =  lx  ej,  with  /i  >  0, 
r  =  |r|  Be2. 

This  satisfies  (7.3.9)  with  the  modified  Kepler’s  frequency  formula,  cf.  (6.5.3), 


(7.3.10) 


=  ff  (m+2FF,r(J) -51712^  )• 


2|r| 


(7.3.11) 


Conditions  (7.3.10)  gives  rise  to  the  relative  equilibria  defined  in  (6.5.1)  discussed  in 
Section  6.5  for  the  case  /  =  0.  With  the  relative  equilibrium  ( Be ,  re)  satisfying  (7.3.10), 
the  momentum  mapping  pLe  is,  from  (7.3.6), 

He  =  (5eJ5j  -  mfere)  £  +  Bel 

=  (jx  +  m|re|2)  £  +  Be/,  (7.3.12) 

=  ((/i  +  m\re\2)  |f|  +  h)  Beex. 


The  Lie  algebra  of  the  isotropy  subgroup  G ^  can  be  expressed  as,  cf.  (3.1.13),  (5.4.44), 

=  {  V  E  1R3  :  r]  X  ne  =  0  }, 

=  {  cBeex  e  IR3  :  c  £  1R  }. 


(7.3.13) 
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The  orthogonal  complement  of  Q with  respect  to  the  locked  inertia  tensor,  as  defined 
in  (5.4.18),  is 

££  =  {  C  e  1R3  :  <  c,  {BeJBj  -  mrere)  Beei  >  =  0  }, 

=  {  c  €  ]R3  :  <  c.  (^1  +  m|re|2)  Beex  >  =  0  }, 

(7.3.14) 

=  {  Ci  Bee 2  +  Co  Bee 3  6  1R3  :  cj,  C2  €  IR  }. 

=  Span  {  Bee2 ,  Bee3  } 

We  are  now  ready  to  apply  the  energy-momentum  method  to  study  the  stability 
property  of  the  relative  equilibrium  (7.3.10).  Before  doing  so,  we  need  to  find  the  map 
ident5^0  defined  in  (5.4.49c), 

ident^°(l?,  r)-  (uB,  v) 

=  ~{DI?ock(B,  r)  •  (uB,  v)()  -  DI°Y(B,  r)  ■  (uB ,  »),  (7.3.15) 

=  —  uBJBT  £  +  £JBtu£  +  mvf£  +  mrv£  —  iiBl. 

Define 

u  =  Beu,  v  =  Be  v. 

The  components  of  u,  v  will  be  denoted  by  (u1;  U2,  U3)  and  (vl5  v2,  v3),  respectively. 
At  relative  equilibrium  (7.3.10),  we  write 
ident*°(i?e,  re)-(uBe,  v ) 

=  ident^°(5e,  re)  •  (Beu,  Bev)  (7.3.16) 

=  Be(-Ji\Z\xiei  +  |£|Juei  -  m|f|  |re|(ve3  +  v2ei)  -  fiuei). 

The  block  diagonalization  technique  is  based  on  the  decomposition  of  the  space  V  defined 
in  (5.4.29).  For  the  relative  equilibrium  ( Be ,  re)  satisfying  (7.3.10),  we  check,  since 
Gne  =  Span{Beei}, 

<  ( uBe ,  v),  (2?eeT,  Beex  re)  >  =  <  Bju,  Jex  >  +m\re\  <  v,  Bee  1  Bee2  >, 

=  J1U1  +  m|re|v3. 

Thus  the  space  V  can  be  represented  as 

V  =  {  (Bs u,  Bev )  :  Jiua  +  m|re|v3  =  0  }.  (7.3.17) 

It  has  the  subspace,  cf.  (5.4.31), 
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(7.3.18) 


VRIG  =  {  ( <Be ,  Cre)  :  C  €  Gt  > 

=  Span  {  (fl.ej,  0),  (Bee$,  -|re|J?eei)  }. 

From  (7.3.16),  we  may  find  the  other  subspace  Vint  i  defined  in  (5.4.32),  as  follows.  In 
order  to  have 

<  Bee2,  Be(-Ji i£|uei  +  |f|Juex  -  m|f|  |r|(ve3  +  v2ei)  -  liuei)  >  =0, 

<  Bee3,  5e(-Ji|^|uei  +  |f|Juei  -  m|f|  |r|(ve3  +  v2ei)  -  /iuex)  >  =0, 

we  get  the  conditions 


((Ji  -  J2)|£|  +  *i)u3  =  m|£|  | re| vx ,  (7.3.19a) 

{(Ji  ~  J3)|f|  +  h)*2  =  0.  (7.3.196) 


Assuming  ( J\  —  J3)|£|  +  l\  ^  0,  we  get  the  representation  of  Vint  > 

Vint  =  {  (5eu,  Bev)  :  Jxui  +  m|re|v3  =  0, 

{V1-J2M  +  /i)u3  =  mllUr.Iv!,  (7.3.20) 

u2  =  0  } 


Next  we  check  the  conditions  in  Theorem  5.4.8.  First,  since  for  this  example  G  =  50(3) , 
as  in  the  previous  example,  checking  the  Arnold  block  becomes  checking  the  positive 
definiteness  of  Ilock(Be,  re)-1  --  jl  in  any  direction  except  £.  At  relative  equilibrium 
(7.3.10),  we  may  express  the  locked  inertia  dyadic  as 

I lck(Be,  r.)  =  BeJBj,  (7-3.21  a) 

where 

/  J\  +  m\re\ 2  0  0  \ 

3  =  0  J2  0  .  (7.3.216) 

V  0  0  J3  +  rn\re\2  ) 


The  scaler  A  can  be  found  through  (7.3.12), 

.  (Ji  +  m\re\2)  |£|  +  h 

Ifl 


(7.3.22) 


Consequently,  we  may  express 
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I lock(Be,  J"e) 


-1 


-1 


B . 


/  i  _  i  n 

'  Jl+m\rc\2  X  U 

0 

V  o  o 


j _ l. 

J2  A 


0 

0 


J3  +  m|re 


Bi. 


(7.3.23) 


By  taking  out  the  direction  £,  which  is  along  Bee  1,  positive  definiteness  of  the  Arnold 
block  is  ensured  by  the  conditions 


h 


and 


1 

J3  +  m|re|2 


1_ 

A 


>  0. 


By  substituting  A  in  (7.3.22)  into  these  conditions,  we  get 


h  +  m|re|2  +  -j^j-  > 
J\  +  m|re|2  +  -777-  > 


J2, 

h  +  m\re\2. 


For  the  case  that  |re|  sufficiently  large,  the  first  condition  is  trivially  satisfied.  Accord¬ 
ingly,  for  positive  definiteness  of  the  Arnold  block,  one  asks 


h  >  {h  -  Ji)  Ifl. 


(7.3.24) 


Recall  from  Lemma  5.4.7,  condition  (7.3.24)  implies  the  decomposition  of  V ,  i.e.  (5.4.33) 
holds. 

Now  we  check  the  other  block,  namely,  Vint  x  Vint  •  The  second  variation  of  Vj 
at  relative  equilibrium  (Be,  r,.)  satisfying  (7.3.20)  can  be  found  as  follows. 
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D2Vi(B,  r)-{uxB,  vx)-{u2B,  v2) 


=  —  DV^(eeUi  B,  r  +  ev2)  •  (v,ietu*B,  ui) 

e=0 

GM  (  3  15  7"  t  \ 

“  <  HS'(m+2FF,r(J)-2H?''  B1B  V  "2 

3GAf  /  5  /x  105  t  t  \ 

-  BJB  r)  rr  v- 

—  -r-fi—  (vT B3Btt  +  r^utBJB^r)  r 

M7 

+  ^f(u2BJ3Tr  -  B3BTu2r  +  B3BTvo) 

M5 

.5  15 C?M  ~  T 

+  - - B3BX  rr  v2,  vx  > 

M7 

+  <  —  —~^—fB3  E'T  rr^  v2 
|r|7 

+  l-v2B3BTr  -  ru,B3BTr  +  fB3BTu2r  -  fB3BTv2 ) 

rl 

—  (=B3Btu2Z  +  £u2(B3BtZ  +  Bl ),  Ui  >  . 

At  relative  equilibrium  (Be,re)  satisfying  (7.3.10),  we  can  express  D2V^  in  terms  of  a 
quadratic  form, 

D2Vz(Be,  re)  •  (5eu.  Bev)-(Beii,  Bev) 


=  (™|£|2  +  ^~{  J\  -  h)^  Vi  +  5rn|£|2  + 


2  mGM 


ZGM .  TX  2  6GM  7X  ,  3  GM.r  2 

+  ~  J 2)  v3 +  -f^|r(Jl  _  J 3) UlV3  +  "f^|3"^j3  “  J2^ Ul 

+  (IflVi  -J,)+ MCI)  «i  +  ((If I2  +  -  •«  +  MCl)  4 

For  ( Beu ,  Bev)  €  Vjjvt  ,  we  can  further  simplify  the  above  formula  by  using 
(7.3.20)  as 

D2V^Be,  re)  •  fo  •  <5x 

(  ,„2  ,  3GM,T  /  m|e!|re|  \2 

=  (Hfl  +  +  ((j1-/2)|f|  +  /J 

(dfl2  +  ^rjr  )(J>  ~  +  'ilfl)  }  y2 


(7.3.25) 


/  r  , ^.,2  ,  2mGM\  , 

+  (-5Hf I2  +  -j^ji-)  n 


ISOM,,  ,  ,  6mGM  ,  ,  .  Sm-GM ,  ,  ,  s\ 

+  (• i^r(*  - *> -  7n^FlJi  ■ J3)+ ■  •,2,j 
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Since  the  coefficient  of  v2  is,  by  applying  (7.3.11), 
-  5m|£|2  + 


|2  .  2 mGM 


lre|3 

5 GM  (  3  9  \  2 mGM 

m  +  —>  ~  MJ)  ~  TTTTIT  h  )  + 


2|re 


3  mGM  15  GM 


2|re 


2|re 

(Ji  +  J3  —  2J2)> 


which  is  always  negative.  Thus  the  second  variation  of  on  Vint  x  Vjjvt  will  never 
be  positive  definite.  Consequently,  for  this  example,  Vj  is  insufficient  for  stability.  We 
actually  need  to  use  the  full  power  of  energy-momentum  method,  namely,  checking  the 
bilinear  form  B^(ie)  defined  in  (5.4.34),  or  the  amended  potential  VM,  cf.  (5.4.43). 

We  next  find  the  other  term  in  (5.4.34).  From  (7.3.16),  (7.3.21),  we  get 

ident Y^(Be,  re)  (5eu,  Bev)  •  I°ock{Be,  re)_1  ident^°(5e,  re)(Be u,  Bev) 

=  <  lfl(-Jil  +  J)uex  -  m|£|  |re|(ve3  +  v2e3)  -  hnet, 

^7"“ 1  (|^|(— «7il  +  J)uex  -  m|f|  |re|(ve3  +  v2e3)  -  /iuex)  >, 


where  J  is  defined  in  (7.3.21b).  With  further  calculations,  we  can  express  this  bilinear 
form  on  the  space  Vint  x  Vint  as 


ident  Y’°(xe)6x  ■  I°ock(xe)  1  ident  Y'°(xe)6x 


Vint  xVjwt 


4m2le|2l  re[2  , 
J\  +  rn\re\2 


(7.3.26) 


By  combining  (7.3.25),  (7.3.26),  we  end  up  with  the  bilinear  form  B^(xe), 


Vint  x  V,-nt 


B?(xe)  (&C,  Sx) 
fK,2  ,  3  GM  f  m\Z\\re\ 

+  iff'  I_  j)+l(”'^)ir+T 


2  2mGM  4m2|f|2|r  12 


+  -5m]£|2  + 


re  |3  +  J\  +  m\re\2 


V  K 


Ji\re\3  K"L  "J/'  72|re 


(7.3.27) 


(3 GM  .  T  QmGM  3m2GM  \  2 

+  (  ~ — —(Jz  -  J2) - ri¥(Ji  -  ^3)  H - 72 71  I  (^3  “  ^2)  v3- 


Now  the  coefficient  for  the  term  v2  has  been  changed.  We  can  write  it  now  as, 
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5m|£|2  + 


2  2mGM  4m*|^|‘jr( 


J\  +  m\re\2 


f  4  J:  \  tuGM  f 

~  V  Ji+m\re\2)  |re|3  [} + 


4/i 


3  GM 


{Ji  4-  J3  —  2J2)- 


J\  +  m\re\2  J  |re|3  V*'  Ji  +  m\re\2  J  2|re|5  ’ 

It  is  clear  then  for  |re|  sufficiently  large,  the  first  term  dominates  with  coefficient 


1  - 


4Ji 


Ji  +  mjre|2 


>  0. 


Also  for  |re|  large,  the  third  term  in  the  coefficient  of  v2  in  (7.3.27)  dominates. 
Consequently,  the  quadratic  form  in  (7.3.27)  can  be  made  positive  definite  with  the 
conditions 


J’i  >  J2,  and  J3  >  J2. 


(7.3.28) 


Combining  conditions  in  (7.3.24),  (7.3.28),  we  state  the  sufficient  conditions  for  stability 
in  the  following  theorem. 


THEOREM  7.3.1 

For  the  problem  of  a  rigid  body  with  momentum  wheel  in  a  central  gravitational 
force  field,  conditions 

£  =  I€|  Beex, 
l  =  hei,  with  l\  >  0, 
re  =  |re|  Bee2. 

give  rise  to  a  relative  equilibrium  ( Be ,  re).  If,  furthermore,  for  |re j  sufficiently  large, 
we  have 

h  >  (J3  -  Ji )  tel, 

j\  >  Ji-, 

J3  >  Ji-, 


then  this  relative  equilibrium  is  relatively  stable. 


I 


REMARK  7.3.2 

In  particular,  for  the  case  that  /  =  0 ,  the  sufficient  conditions  become 
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J\  >  J2,  J\  >  J2,  amd  J3  >  J2, 


which  is  equivalent  to  the  condition, 

J\  >  Jz  >  Jl‘ 

This  is  exactly  the  same  condition  we  obtained  from  the  other  two  methods  in  Chapter  6, 
namely,  the  energy-Casimir  method  and  Lagrange-multiplier  method,  cf.  Theorem  (5.5.2. 

I 


7.4.  Multibody  Dual-Spin  Problem 

In  this  section,  we  will  continue  our  study  of  the  multibody  analog  of  dual-spin 
problem  discussed  in  Sections  4.3,  4.4.  Recall  that  in  Theorem  4.4.1,  with  appropriate 
damping  mechanism,  the  system  depicted  in  Figure  4.3.1  asymptotically  approaches  one 
of  the  stable  relative  equilibrium  corresponding  to  a  suitable  gyroscopic  system  with 
symmetry.  Here  we  will  compute  a  stable  relative  equilibrium.  From  the  construction, 
this  gyroscopic  system  has  the  following  entities,  cf.  (3.5.5a), 

Q  =  50(3)  x  50(3), 

K{(Buu  Bu2),  (. Bibi ,  Bw2))  =  (u?  t£)  ^  , 

Y{B1,  Bt)  =  (Bm,  B2y2),  (7.4.1) 

V(B)  =  0, 

G  =  50(3), 

where,  cf.  (3.5.5b),  (4.3.6b), 

3 

Ji  =  Ii  + 

i=i 

3  (7.4.2) 

J2  =  I2  +  ed2d2  +  2jlDi, 

i= 1 

Jj2  —  s  d\B^ B2d2, 

and  the  components  yi ,  y2  of  the  gyroscopic  field  are  given  by  solving  the  equations 
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Jl  2/1  +  Jl2  2/2  =  l  —  I50, 

Jia  Vi  +  J2  V-2  =  0. 

The  Lagrangian  for  this  system  can  be  written  as 

L(Bi,  fti,  jB2 ,  fl2)  =  ~  <  f^i,  Jifii  >  +~  <  fl2>  J2^2  > 

S  <  flj ,  d\B^  jB2d2fl2  >  4"  <  ,  l  >  . 

The  locked  inertia  dyadic  can  be  found  through 
<  f»  Ifodfe(5i»-B2),7  > 

=  <  VQ(BuBn)  > 

=  <  £,  (2?i  Ji .Bj'  -|-  -B2  J 2B2  "t"  -Bi  J12-B?  •+■  B2  J 12 B^ ^t)  >  . 

Thus  we  have 

I?ocfc(51,52)  =  51J151T  +  JB2J2B2T  +  JB1J12JB2T  +  52jf2P1r. 


(7.4.3) 


(7.4.4) 


(7.4.5) 


The  gyro-momentum  in  induced  by  the  gyroscopic  field  Y  can  be  found  from 
definition  (5.4.15),  see  also  (5.4.48),  to  be 

If.  =  Bx  l.  (7.4.6) 

Accordingly,  the  momentum  mapping  is 
A*  =  +  Iy(*) 

(7.4.7) 

=  (B1J1B1  +  j52J252'  +  B1J12BJ  +  jB2 J^25^)^  -(-  B\l. 

The  augmented  potential  function  VJc  is 

Vt(BuB,)  =  <f,  -  <  Bxl,  £  >, 

=  -|  <  f,  (tfiJi-Sf  +  52J252r  +  5xJ125j  +  B23j2B?)Z  > 

—  <  £,  B\l  >, 

=  —  —  <  £,  (j9iJi5^  +  _B2J2-B2'  +  £  BidiBodo  +  £  -B2d2i?idi)£  > 

-  <£,  iM>, 

(7.4.8) 

Now  we  apply  the  Principle  of  Symmetric  Criticality  to  find  the  conditions  for 
relative  equilibrium.  The  first  variation  of  the  augmented  potential  can  be  derived  as 
follows, 
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(7.4.9) 


DV^(B\,  Bi)-{u\B\,  uoBo) 

—  +  £Bil  +  £  Bidi£B2d,2£,  u\  > 

+  <  £B2doB2  £  4-  £■  B2d2£Bidi£,  u2  >  . 

From  the  above  formula,  we  read  out  the  conditions  for  the  configuration  components  of 
the  relative  equilibrium  ( £ie,f?2e )  as  satisfying 

£  x  +  Btl)  +  eB1d1  x  (£  x  (52d2  x  £))  =  0,  (7.4.10a) 

£  x  (£2J2£2T£)  +  £52d2  x  (£  x  (B^  x  £))  =  0,  (7.4.106) 

These  are  very  similar  to  the  conditions  we  derived  before,  cf.  (3.5.9),  except  that  the 
gyroscopic  term  enters.  By  taking  dot  product  with  £  on  both  side  of  (7.4.10a),  and 
letting  si  =  B\d\ ,  s2  =  i?2d2  ,  cf.  (3.5.11),  we  obtain  again  the  coplanarity  condition, 

£  •  (si  X  s2)  =  0.  (7.4.11) 

Consequently,  the  gyroscopic  t  erm  doesn’t  affect  the  coplanarity  condition  for  the  relative 
equilibrium  for  this  problem.  With  this  coplanar  condition,  conditions  (7.4.10)  may  be 
re-expressed  as 


£  x  (BiJiJ3f£  +  B\l)  -  e(B1dl  -£)(B2d2  x  £)  =  0,  (7.4.12a) 

£  x  (B,J2B2T£)  -  £(B2d2  -0(Bidi  x  £)  =  0.  (7.4.126) 

Now  we  find  a  particular  relative  equilibrium  for  this  problem.  Let  {ei,e2,e3}, 
{f].,f2,f3}  be  the  coordinate  frames  corresponding  to  body  1,  body  2,  respectively,  such 
that 

J 1  Gj  — -  llx  ,  J 2  ~  'I2:  f  —  1  ?  2,  3. 

It  can  be  checked  that  if  the  following  conditions  holds, 

£  =  j£|  Bi  ei  =  |£|  Bo  fi,  (7.4.13a) 

l  =  l\  ei,  (7.4.136) 

di  =  a2  e2,  d2  =  a2  f2,  (7.4.13c) 
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conditions  (7.4.12)  are  satisfied.  Thus  these  conditions  (7.4.13)  give  rise  to  a  relative 
equilibrium  ( B\e,B2e )•  From  (7.4.13a),  we  know  that 

B\e  ei  =  B^e  fi.  (7.4.14) 

By  substituting  (7.4.13a),  (7.4.13c)  in  the  coplanarity  condition  (7.4.11),  we  get 

ei.  *(e2  x  BJ2)  =  0,  (7.4.15) 

where  Be  =  BfeB2e-  With  (7.4,14),  this  only  happens  when 

Be  f 2  =  i  e2. 

Accordingly,  we  have  two  sets  of  relative  equilibria  expressed  in  terms  of  the  relative 
shape  variable  Be , 


Be  fi  =  ei,  Be  f2  =  e2,  Be  f3  =  e3,  (7.4.16a) 

Be  fi  =  ex,  Be  f2  =  — e2,  Be  f3  =  -e3.  (7.4.166) 

In  the  following,  we  will  study  the  stability  property  of  the  relative  equilibrium  corre¬ 
sponding  to  (7.4.16b)  with  the  conditions  (7.4.13).  This  configuration  may  be  depicted 
in  Figure  7.4.1. 


Figure  7.4.1.  Relative  Equilibrium  Configuration. 
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The  energy-momentum  method  will  be  adopted  here  to  determine  the  stability 
conditions.  We  first  need  to  compute  the  second  variation  of  the  augmented  potential. 
It  can  be  found  as  follows, 

D2V^(Bi,  B2)  •  (u\B\,  u2B2)  ■  (uiBx,u2B2) 

=  DVt '(e*  Bx  ,e‘“*B2)-(i h  e£  *  Bx ,  u2e£  B2 ) 

a£  e  =0 

=  <  f  -  BXJXBX  til  if  +  uxBil,  ui£  > 

(7.4.17) 

+  <  u2B2J2B2  f  —  B2J2B^ u2£,  ii2£  > 

+  £  <  (uiBidi)£B2d2£,  ux  >  +  £  <  {u2B2d2)£B\di£,  u2  > 

+  2s  <  {u\B\d\)£,  (u2B2d2)£  >  . 

Define 

ui  =  Bfeuu  u2  =  B%eu2,  (7.4.18) 

The  components  of  ui,  u2  will  be  denoted  by  (un,  ui2,  u13)  and  (u21,  u22,  u23), 
respectively.  Also,  we  will  use  the  notations, 

Jl  =  diag{  Ju,  J12,  J13  },  J2  =  diag{  J21,  J22,  J23  }.  (7.4.19) 

At  relative  equilibrium  ( B\e,Bie )  such  that  (7.4.16b),  (7.4.13)  hold,  and  we  can  further 
write  the  second  variation  of  the  augmented  potential  as 
D2V^{B\e,B2e)  •  (BuultBuu2)  ■  (5ieui,52eu2) 

=  £  |£|2“1  02(^11  -  U2i)2  -f  ((J11  -  Jl3)|^|  +  ^l)|^lu!2 

(7.4.20) 

+  ((-111  -  J12  +  £GlG2)|£!  +  ht)l£lu13  +  (J2I  —  323)|^|2U22 

+  (J21  —  322  +  <iaia2)J^|2u53. 

From  Theorem  5.4.10,  we  check  the  positive  definiteness  of  the  second  variation  of  the 
augmented  potential  on  the  space  of  V .  For  the  relative  equilibrium  under  investigation, 
we  have  the  momentum  mapping,  cf.  (7.4.7), 

Me  =  ((-In  +  J21  +  2s aia2)|£|  +  h)  Bie  ei-  (7.4.21) 

Thus  the  Lie  algebra  corresponding  to  the  isotropy  group  is 

Gnc  =  Span{  BXe  ex  },  (7.4.22) 
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with  the  orthogonal  complement  with  respect  to  the  locked  inertia  tensor, 

=  Span{  Bu  e2,  Ble  e3  }. 


(7.4.23) 


The  space  V  can  then  be  found  through 

V  =  {  (Buui,B2eui)  :  <  (Bleul,B2eu^),  ( f)Ble ,  i )B2e)  >  =  0,  V  77  G  }, 


—  {  (BieUx,  Boe^2)  •  (Jn  +  £  ala2)ull  +  (  J21  +  £  al  «2  )U21  =  0  }. 


(7.4.24) 


The  second  variation  of  the  augmented  potential  restricted  to  V  can  then  be  written  as 


D2Vi(Bu,B2e)  {Buui,  B2eu2)  ■  (Buux, B2e\i2) 

VxV 


s  |£|2ax  a2 


J21  +  £  ala2 
Jn  +  £  aia2 


+  1  Uox 


(7.4.25) 


+  ((Jll  -  J"l3  )|^|  +  *l)  lflu12  +  ((Jll  —  Jl2  +  £  )l^|  +  h)  |C|u23 

+  (J21  ~  J23)|£|"U22  +  (^21  ~  >^22  +  £  al  “2  )|f  |'u23- 

Consequently,  we  can  read  off  the  sufficient  conditions  for  stability  from  (7.4.25)  as, 


(Jn  —  J13 )  10  +  fi  >  0, 
(Jll  “  Jl2  +  £  ala2)|£|  +  ^1  >  0, 
J21  -  ^23  > 

J21  —  J22  4"  £  flid2  2*  0, 


(7.4.26a) 

(7.4.266) 

(7.4.26c) 

(7.4.26(f) 


The  above  discussions  was  summarized  in  the  following  theorem. 

THEOREM  7.4.1 

For  the  multibody  dual-spin  problem,  conditions  (7.4.13),  (7.4.16b)  give  rise  to  a 
relative  equilibrium  (B\e,B2e).  Furthermore,  assuming  that 


>  Ji3  _  Jn> 


(7.4.27a) 


-j^—  >  J x2  —  Jn  —  £a\a2, 


(7.4.27  b) 


the  relative  equilibrium  ( Bie,B2e )  is  stable  if 
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^21  ~  ^23  >  0, 


(7.4.28a) 

(7.4.286) 


•121  —  ^22  4"  £  ^1^2  >  0. 


I 


REMARK  7.4.2 

It  may  be  checked  that  the  positive  definiteness  conditions  for  the  Arnold  block 
are 


(Jn  —  J13  4- ^21  ~  d23)|^|  +  ^1  >  0,  (7.4.29a) 

(Jn  —  J12  -f-  J21  —  J22  +  2s  aia2)|^|  4"  h  >  0.  (7.4.296) 


It  is  easy  to  see  that  these  conditions  are  implied  by  the  conditions  in  Theorem  7.3.1. 
However,  this  is  not  enough  for  stability.  There  are  additional  conditions  coming  from 
the  other  block.  Thus,  for  such  a  coupled  system,  we  could  never  regard  the  system  as  a 
whole  rigid  body.  The  coupling  effects  should  be  suitably  accommodated. 

I 

Now  we  consider  the  other  relative  equilibrium  coming  from  (7.4.16a).  The  second 
variation  of  the  augmented  potential  corresponding  to  the  case  that  the  relative  shape 
is  identity,  or  the  two  bodies  are  folded  can  be  found  from  (7.4.17)  to  be,  cf.  (7.4.20), 

D2V^(Bie,  J?2e)  •  (SleUi,  Z?2eu2)  •  (B\eUi,  B^e^l) 

=  —£  |£|2ai  a2(ull  “  U21  )'  4-  ((Jll  -  J13)|f|  +  h)  |£!u12 

(7.4.30) 

4-  ((Jll  —  Jl2  —  £  °2  )|^t  4-  l\)  If  1^13  4-  (J2I  -  •l23)|£l‘u22 

4-  (  J2I  —  J22  —  £  al  a2  ) I I *”ll23  * 

Even  restricted  to  the  space  V ,  there  is  always  one  negative  term.  This  fact  suggests 
that  this  relative  equilibrium  may  be  unstable,  irrespective  of  the  rotor  speed,  further 
analysis  is  needed  to  justify  this. 
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7.5.  Rigid  Body  with  a  Flexible  Attachment 

In  this  section,  we  consider  the  system  of  a  rigid  body  attached  with  a  string,  or  a 
shear  beam.  We  shall  first  estciblish  the  model  for  this  system  and  then  study  stability 
properties.  The  methodology  introduced  in  Chapter  2  will  be  extended  to  the  infinite 
dimensional  case.  Similar  problems  are  discussed  in  [55],  [38]. 

Consider  the  system  configuration  depicted  in  Figure  7.5.1.  Let  M  denote  the 
space  of  smooth  functions  from  the  interval  [0,  l]  to  1R3 .  Let  B  £  .90(3)  be  the  attitude 
of  the  rigid  body,  with  associated  coordinate  system  {ej,  e2,  63}.  The  relative  angles 
between  the  rigid  body  and  the  rotors  are  denoted  by  0i,  02,  03 ,  respectively.  With 
a  £  M ,  the  configuration  space  of  the  system  can  be  expressed  as 


Q  :=  50(3)  x  (S’1)3  x  M 

:=  {  X  =  (5,  01,  02,  03,  Cr)  }. 


(7.5.1) 


This  may  be  alternatively  written  formally  as  a  manifold,  cf.  (4.3.1), 

Qu  =  SO(3)  x  (SO(3))3  x  M 

=  {  (B,  Si,  S2,  S3,  a)  }. 

with  kinematic  constraints,  cf.  (4.3.2a),  (4.3.3), 

Si  =  B  R(e 0j),  *  =  1,2,3. 


(7.5.2) 


(7.5.3) 


Note  that  eventually  we  need  to  be  precise  about  appropriate  Hilbert  manifold  structures 
on  Q ,  TQ ,  etc.  In  this  dissertation,  we  limit  ourselves  to  the  formal  aspects  only.  The 
tangent  space  TQ  of  Q  can  be  written  as 

TQ  =  {  vx  =  (B,  0i,  02,  03,  cr ,  B&,  wi,  u>2,  w3,  v)  }.  (7.5.4) 

By  using  the  techniques  developed  in  Section  2.2,  we  may  write  the  tangent  space  to  TQ 
(second  tangent  space)  and  its  dual  as 

TVxTQ  =  {  v^=  {. Bu ,  Ci,  C2,  <3,  *»  B(un  +  y),  771,  772,  773,  *?)},  (7.5.5) 

T'TQ  =  {  vx"  =  (B0Cl  +  a),  ax,  a2,  03,  a',  B$,  bu  b2,  63,  (7.5.6) 


with  the  pairing, 
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Figure  7.5.1.  Rigid  Body  with  a  Flexible  Attachment 


(vx*,  vx)  =  ^tr((Bu)TB0fl  +  d))  +  a  •  (  +  i  tr  ((B(u&  +  y))T  B0) 

+  b  •  7 1  +  I  cr*(s)  ■  &(s)  ds  +  l  v*(s)  ■  v(s)  ds, 

Jo  Jo  (7.5.7) 

=  a  -  u  +  a  •  £  +  0  -  y  +  b  *  77 

+  f  a*(s)  •  cr(s)ds  +  f  vm(s)  •  P(s)  ds, 

Jo  Jo 

where  we  use  the  notations  a  =  (ai,  02,  03),  b  =  (61,  62?  63),  (  =  (£1,  ('21  C3)) 
7 /  =  ( 771 ,  t]2,  773).  In  the  following,  we  will  also  adopt  the  notations  9  =  (0lt  82,  83) , 
u  =  (w  1,  W2,  W3).  The  boundary  conditions  on  the  configuration  space  are  assumed  to 
be, 


-Brcr(0)  =  7*o ,  (7.5.8a) 

BTa(L)  =  rL,  (7.5.86) 

where  ro ,  are  fixed  vectors  in  body  coordinates.  These  boundary  conditions  on  Q 
give  rise  to  some  compatibility  conditions  on  the  jet  spaces  associated  with  Q.  First, 
we  consider  the  tangent  space  TQ .  The  tangent  vector  (BCl,  u,  v)  at  ( B ,  9 ,  a)  £  Q 
generates  a  curve  in  Q  as 
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(. Be :£\  8  +  eu,  cr  +  ev)  £  Q. 

Thus  the  curve  must  satisfy  conditions  (7.5.8), 

(Be€^)T(a  +  €i/)(0)  =  r0,  (7.5.9a) 

(Beitl)r{a  +  eu)(  L)  =  rL.  (7.5.96) 

By  taking  derivatives  of  both  equations  with  respect  to  e  and  then  setting  e  to  be  0, 
we  obtain  the  following  compatibility  conditions, 


Btu( 0)  =  fi  x  r0,  (7.5.10a) 

Btv{  L)  =  fixrL.  (7.5.106) 

Similarly,  for  elements  in  TVxTQ ,  vZ  generates  a  curve  in  TQ  as 

(  Betu,  8  +  e(,  cr  +  ca,  Betu{Cl  +  ey),  u>  +  ctj,  v  +  ev  ).  (7.5.11) 

To  satisfy  conditions  (7.5.8),  we  need  similar  conditions  for  a  as  in  (7.5.10), 

BTa{ 0)  =  u  X  r0,  (7.5.12a) 

Bt&( l)  =  u  X  rL.  (7.5.126) 


From  (7.5.10a),  we  ask, 

(Be€u)r  (v  +  eP)(0)  =  (fi  +  ey)X7-0, 
which  gives  us  the  condition, 

Btu{ 0)  =  (uCl  +  y)  r0.  (7.5.13a) 

Analogously,  from  (7.5.10b),  we  get 

BTi ?(l)  =  {uCl  +  y)  rL.  (7.5.136) 

These  compatibility  conditions  will  play  an  important  role  in  the  following  derivations. 
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After  the  above  geometric  considerations,  we  now  construct  the  Lagrangian  as¬ 
sociated  with  this  system.  We  assume  for  the  sake  of  simplification  that  the  inertial 
reference  frame  is  at  the  center  of  mass  of  the  rigid  body.  This  eliminates  the  kinetic 
energy  of  translation  of  the  rigid  body.  With  a  similar  derivation  for  the  kinetic  energy 
as  in  Section  4.3,  by  including;  the  kinetic  energy  from  the  string,  we  write  the  total 
kinetic  energy  as 

T(vx)  =  |  <  ft,  J  ft  >  <  w,ISw  >  +  <  Q,  I5^  >  J  p(s)|i/(s)|2ds,  (7.5.14) 

where  J  ,  I5  are  the  same  as  defined  in  (7.2.2),  and  p  is  the  mass  density  of  the  string. 
We  also  assume  there  is  no  potential  energy  other  than  the  stored  energy  in  the  string 
which  can  be  written  as 

1  fL 

V{x)  =  -  /  <  ABTa3(s),  BTa3(s)  >  ds.  (7.5.15) 

4  Jo 

where  A  is  a  symmetric  stiffness  matrix  of  the  string  and  is  assumed  to  be  uniform.  The 
Lagrangian  for  this  system  is  then, 

L(vx)  =  T{vx)  -  V{x).  (7.5.16) 


We  now  generalize  the  techniques  developed  in  Section  2.2  to  the  infinite  dimen¬ 
sional  case.  The  invariant  form  of  Lagrange-d’Alembert  Principle  2.1.9  is  still  applica¬ 
ble.  First,  we  find  the  differential  of  the  Lagrangian  in  (7.5.16).  The  tangent  vector 

€  TVxTQ  generates  a  curve  in  TQ  as  shown  in  (7.5.11).  We  compute 
d-Zi(u^)  '  vx 


_d_ 

de 

d_ 

de 


L(Betu,  0  +  e(,  cr  +  ea,  5e€u(0  +  ey),  u  +  erj,  t/  +  ei>), 


€  —0 


e=0 


1  1  c 

-  <  ft  +  ey,  J(ft  +  ey)  >  +-  <  u  +  er),Ii>(uj  +  er))> 


1  /"L 

+  <  Q  +  ey,  Is(u  +  ep)  > +-  /  p(s)\u(s)  +  e  P(s)\2  ds 

*  Jo 

f  <  A{Bei{L)T(a,  +  ed3)(s),  {Bee<1)T(cT3  +  ea3)(s)  >  ds. 

4  Jo 

=  <  Jfi  +  Isu;,  y>  +  <  Is(fH-w),  p  >  +  [  p{s)  <  u{s),  P(s)  >  ds 

Jo 

JrL  y*L 

'  <  ABTa3(s),  utBt<j3(s )  >ds+  <  ABTa3{s),  BTd3{s)  >  ds 
o  Jo 
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By  using  the  compatibility  conditions  (7.5.12),  we  could  further  express  the  differential 


as 


dL(vx)-vx=<  f  BTcr3(s)ABTcr3(s)ds  -  fLAr3(h)  +  foAr3(0),  u  > 

Jo 

+  <  Jfl  +  y  >  -j-  <  Is (Cl  +  w),  7 j  > 

+  /  <  p(s)i/(s),  P(s)  >  ds  +  [  <  B  ABT  aS3(s),  <7,(3)  >  ds 
Jo  Jo 

(7.5.17) 

By  comparing  the  above  formula  with  the  pairing  formula  (7.5.7),  we  could  write  dL(vx ) 
in  the  form  of  (7.5.6)  with  the  entities, 

a  =  f  BTo3(s)ABT cr3(s)ds  -  fLAr3(L)  +  f0Ars(Q), 

Jo 

a  =  0, 


p  =  jn  +  iS‘x>, 

b  =  Is(fi  +  u), 

<7*  =  j9AjBTcrSJ(5), 

=  p(s)v(s). 

Also  we  may  write  the  partial  derivatives  of  L  as 


(7.5.18) 


D\L(yx)  =  (B0CI  +  &),  a,  <7*),  (7.5.19a) 

D2L(vx)  =  (BP,  b,  t/*).  (7.5.195) 


Now  we  could  apply  an  analogous  formula  as  the  one  in  Theorem  2.2.1.  Recall  that  the 
Lagrange-d’Alembert  Principle  gives  rise  to  the  equations 

<  ^-D2L(vx),  z  >  =  <  DiL(vx),  z  >  +  <  f,  z  >,  V  z  e  TXQ,  (7.5.20) 
dt 

where  /  is  the  horizontal  component  of  the  exterior  force  which  is  a  horizontal  1-form 
f  on  TQ .  By  arguments  similar  to  the  ones  used  in  Section  4.3,  we  determine  the 
representation  of  the  exterior  force.  First  we  write  the  exterior  force  on  the  unconstrained 
tangent  bundle  TQU,  cf.  (7.5.2), 

/  =  ( BTb ,  51T1,  S2T2,  S3T3,  7*,  0,  0,  0,  0,  0).  (7.5.21) 
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We  assume  that  there  are  only  torques  exerted  on  the  connections  between  the  rigid 
body  and  the  rotors.  Thus  7*  ;=  0  in  (7.5.21).  (If  there  were  distributed  loads  on  the 
flexible  attachment,  this  would  not  be  true  any  more.)  By  the  characteristics  of  the 
torques,  we  have  the  condition 

3 

BTb  = 

;=i 

or,  from  (7.5.3), 

3 

Tb  =  -£>(e«,  Oi)Ti. 

1=1 

By  a  similar  computation  as  in  (4.3.8),  we  obtain  the  form  of  /  as 

f(vx)  =  (0,  Ts,  0).  (7.5.22) 

We  are  ready  to  find  the  dynamical  equations  from  (7.5.20).  By  noting  that 

B  -=  BQ.,  8  =  u,  a  =  v, 


we  have 


d_ 

dt 


D2L(vx)  =  (B(3  +  B/3,  b,  1/'*), 

=  (B{Cl0  +  h  b,  V)- 


Let  2  =  (5u,  Ci  d’) .  Using  the  pairing  formula  between  T*Q  and  TQ ,  we  have 

<  ^-D2L(vx),  z  >  =  ^tr((B(n/3  +  0))tBu)  +  <  b,  C  > 
at  L 


+  /  <  ^*(s),  cr(s)  >  ds, 
Jo 


(7.5.23) 


and 


<  DiL(vx),  z  >  =  -tr((B0Cl  +  a))TBu)  +  <  a,  (  > 


+  [  <  cr(s )  >  ds. 

Jo 


(7.5.24) 


Substituting  (7.5.22),  (7.5.23),  (7.5.24)  in  (7.5.20),  with  further  simplifications,  we  obtain 
the  Principle  of  Virtual  Power . 

<  Q,x(3+/3-a,  u  >  +  <  b-a ~TS ,  (  >  +  [  <  v*{s)-cr*(s),  5(s)  >  ds  =  0,  (7.5.25) 

Jo 
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for  all  u,  £,  a ,  where  the  elements  are  given  in  (7.5.18).  Consequently,  the  classical 
equations  of  motion  of  this  system  could  be  written  as 

/?  =  (3  x  Q  +  a, 

b  =  a  +  Ts, 

Vm  =  <Tm, 

By  substituting  formula  (7.5.18)  in  the  above  equations,  we  obtain  the  dynamical 
equations  for  the  system  of  rigid  body  with  string  and  rotors, 

Jfl  -f  =  (Jfl  -f  I5o;)  xfi  -  r^Ar^L)  +  foAr3(0) 

+  f  BTo3(s)ABT cr,(s)ds, 

Jo 

I5(fi  +  cb)  =  Ts, 

pv  =:  BABT(T33,  (7.5.26) 

B  =  Btl, 

9  -■  u, 
a  =:  v. 

Now  we  specialize  to  the  situation  where  there  are  no  rotors  on  board,  which  is  the 
case  discussed  in  [38].  Namely,  I5  =  0,  Ts  =  0.  By  defining  the  convective  variables 
associated  with  the  system  as 


r(s,  t)  =  B(t)To(s ,  t ),  (7.5.27a) 

M(s,  t )  =  p(s)B{t)Tu(s,  t ),  (7.5.276) 

m(t)  =  Jfl(t),  (7.5.27c) 


the  equations  of  motion  (7.5.26)  could  be  now  written  as 


m  X  J  1m  —  rL  x  Ars(L)  +  r0  X  Ar,(0)  +  r3  X  Arads , 

Jo 

(7.5.28a) 

r  x  J-1m  +  —  M, 

(7.5.286) 

P 

MxJ  1ru.  +  Ar„, 

(7.5.28c) 

_  _  _ 

(7.5.28a) 
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with  boundary  conditions  r(0)  =  r0,  and  r( L)  =  rL.  It  is  clear  then  that  the  dynamics 
is  decoupled  to  the  so-called  reduced  dynamics  (7.5.28a,b,c),  and  the  attitude  kinematics 
(7.5.28d).  The  reduced  dynamics  we  obtained  here  are  exactly  the  same  dynamical 
equations  derived  in  [38]  by  replacing 

r(0)  =  ae2,  r,(L)  =  e2. 

However,  the  authors  adopted  a  hamiltonian  approach  in  [38]. 

Now  we  consider  the  system  in  the  dual-spin  situation.  In  other  words,  the  rotors 
are  driven  to  rotate  at  a  constant  speed  relative  to  the  rigid  body.  The  driven  torque 
Ts  are  such  that  Cj  =  0 ,  or 

Ts  =  I  sil.  (7.5.29) 


With  this  feedback  law,  the  equations  of  motion  of  the  closed  loop  system  can  be  found 
from  (7.5.26)  to  be 


m 


=  (m  +  /)  x  J  xm  —  iq  X  Ars(L)  +  ro  X  Ar 


,(0)+  j  r,x 
Jo 


Arsds, 


r  =  r  X  J  1  m  +  —  M, 


M 

B 


M  X  J  1m  +  Ar  „, 
BJ~1  m, 


(7.5.30a) 

(7.5.306) 
(7.5.30c) 
(7.5. 30d) 


where  /  =  I5w  and  the  convective  variables  defined  in  (7.5.27)  have  been  used. 

The  closed  loop  system  described  by  (7.5.30)  belongs  to  the  category  of  gyroscopic 
systems  with  symmetry.  The  configuration  space  is  now 

Qr  =  50(3)  x  M,  (7.5.31) 


with  the  riemannian  metric, 

<  (Bu  1,  tq),  (Bu2,  v2)  Ju2  >  +  /  p{s)  <  v\ (5),  v2{s)  >  ds. 

Jo 

(7.5.32) 

The  potential  energy  is  given  by,  cf.  (7.5.15), 

1  rL 

V(B,  <t)  -=  -  /  <  ABTcrs(s),  Btct,(s )  >  ds.  (7.5.33) 

2  Jq 
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The  gyroscopic  field  is  the  same  as  in  the  previous  examples,  cf.  (7.3.1), 

Y(B,  a)  =  (BJ~*l,  0). 


(7.5.34) 


The  Lie  group  50(3)  acts  on  t  he  configuration  manifold  Qr  through  the  action, 

$  :  G  x  Qr  -*■  Qr, 


R,  ( B ,  a )  t-+  (RB,  Ra). 


(7.5.35) 


It  is  readily  seen  that  the  met  ric,  the  potential,  and  the  gyroscopic  vector  field  are  all 
G-invariant  with  respect  to  this,  action.  The  G-invariant  Lagrangian  can  be  then  written 


L(B,a,  BCl,i/)  =  -  <  11,  JQ  >  +  <  Q,  Z  >  + 


\  J  P0)l  v(s) 


-  -  /L 
2  J0 


(7.5.36) 


<  ABT cra(s),  Btct3(s )  >  ds. 


It  can  be  checked  that  this  Lagrangian  yields  the  dynamical  equations  (7.5.30). 

Let  £  6  Q  =  so(3).  The  infinitesimal  generator  corresponding  to  f  with  respect  to 
the  action  (7.5.35)  is 


iQr(B,  a)  =  (£B,  £cr). 


(7.5.37) 


The  locked  inertia  associated  with  the  riemannian  metric  (7.5.32)  can  be  found  through 
{i,  Iiock(B,<r)fi)  ~  <C  (£b,  £<t),  ( fiB ,  f)cr) 

==  <  f,  ^BJBt  +  J  p(s)c(s)  cr(s)ds'Sj  r/>, 


which  gives  us 


IfockiB,  er)  =  BJBt+  [L  P(s)*(sf  a(s)ds.  (7.5.38) 

Jo 


The  gyro-momentum  in  Q“  corresponding  to  the  gyroscopic  field  Y  defined  in  (5.4.15) 


l°Y{B,  a)  =  Bl. 


(7.5.39) 


The  induced  pre-momentum  mapping  for  this  system  can  be  then  found  to  be, 


J°(B,  a,  C)  =  [BJB  +  /  p(.s)<7(s)  a(s)ds  1  C  +  &1- 


(7.5.40) 
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Now  we  study  the  stability  aspects  of  this  problem.  With  the  setup  above  we  could 
pursue  the  energy-momentum  analysis  of  relative  equilibria  as  in  the  previous  sections. 
We  do  not  do  this  here.  Instead,  the  energy-Casimir  method  will  be  used  to  check  the 
stability  conditions  for  the  equilibria  of  the  reduced  dynamics  (7.5.30a,  b,  c).  We  assume 
that 

l  =  /j  ei, 

J  =  diag{  Ji,  J2,  h  },  (7.5.41) 

A  =  diag{  Ai,  A2,  A3  ). 

It  can  be  checked  that  the  point  (me,  re,  Me ),  where 

me  =  Ji|f|ei, 

re(s)  =  a(s)e2,  (7.5.42) 

Me(a)  =  |f|p(s)a(s)e3, 

gives  rise  to  a  relative  equilibrium  under  the  condition  that  the  parameters  solve  the 
equation 

A,a"(s)  +  |£|2p(s)a(s)  =  0,  (7.5.43) 


with  the  boundary  conditions  a(0)  =  a o  (=  | ro | ) ,  a(L)  =  aL  (=  |rL|).  Sufficient 
conditions  for  stability  of  this  relative  equilibrium  will  be  investigated  in  the  following. 

Recall  that  for  this  system,  the  energy  function  on  TQ  is  given  by  (3.2.12).  In 
terms  of  the  convective  variables  (m,r,  M),  the  energy  can  be  expressed  as 


HL(m,r,M)  =  |  <  m,  J  lm  >  +\  \M(s)\2ds 


+  -  t 

2  J0 


(7.5.44) 


<  Ars(s),  r3(s)  >  ds. 


(This  is  of  course  defined  on  TQr/SO(  3).)  Since  the  symmetry  group  is  50(3),  one  way 
to  construct  a  Casimir  functional  is  through  (5.3.7).  Thus  from  (7.5.40),  we  obtain  a 
natural  Casimir  functional  for  chis  system  expressed  in  terms  of  the  convective  variables, 

C^m,  r,M)  =-  ^0^[m  +  /  +  J  r(s)  x  M(s)ds  |2^  .  (7.5.45) 


Combining  (7.5.43)  and  (7.5.44),  the  energy-Casimir  functional  can  be  written  as 


182 


(7.5.46) 


H$(m,r,M)  =  HL(m,r,M)  +  C<p(m,r,M ) 


=  r  <  to,  J  1m  >  + 

z 


1  /L 

+  g  yo  <  ^r*(5)>  r®(5)  > 

+  ^0^|m  +  /  +  J  r(s)  x  M (s)ds\‘ 


ds 


Let 


p.  —  m  +  l  + 


/  r(s)  x  M(s)ds 
Jo 


The  first  variation  of  can  be  found  to  be 
DH^(m,  r,  M)  •  (6m,  Sr,  6M) 


<  M(s),  6M(s)  >  ds 


(7.5.47) 


,-L  i 

=  <  J  1m,  6m  >  +  — — 

Jo  P{s) 

+  [  <  Ara(s),  (6r)s(s)  >  ds  +  d>'(\p\2)  <  P,  ^  >, 

Jo 

=  <  J ~lm  +  4>  (\p\2)p,  6m  > 

rh  1 

+  /  <  — r-rAf(a)  -  d>'(|/i|2)  r(s)  x  /*,  6M(s)  >  ds 

Jo  P\s) 

4-  [  <  Ar,(s),  ( 6r)a(s )  >  ds  +  !  <  <f>'(\p\ 2)  Af(s)  X  ^i,  <!>r(.s)  >  ds, 

Jo  Jo 

(7.5.48) 


where 


6/j, 


=  6m  +  f  (6r(s)  X  M(s)  +  r(s)  x  6M(s))ds.  (7.5.49) 

Jo 


At  relative  equilibrium  ( me,re,Me )  given  by  (7.5.42),  we  have 

He  =  (Vi  +  J  p(s)a(s)2ds)  |f|  +  Zi)  ei  =  a  ex,  (7.5.50) 


where  we  define 

a  =  (7i  +  f  p(s)a(s)2 ds)  |f|  +  k.  (7.5.51) 

Jo 

Accordingly,  in  order  to  have  the  first  variation  of  H$  vanish  at  (me,  re,  Me ) ,  we  impose 
the  following  constraint  on  <f>, 
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(7.5.52) 


il(  2\  l£l 

<?(<*)  = - . 

a 


There  is  no  other  requirement  on  <p  from  the  first  variation.  The  second  variation  of  Hj, 
could  be  computed  from  (7.5.48).  It  has  the  following  form, 

D2 M)  •  ( Sm,8r,8M )  •  ( 8m,8r,8M ) 

=  <  J ~1Sm,  8m  >  +  /  — —  <  8M(s),  8M(s )  >  ds 

Jo  P(s) 

fL  (7.5.53) 

+  24>"{\p\2)  <  8fx,  >  +  <  A(8r)s(s),  ( 8r)a(s )  >  ds 

Jo 

+  4>'(\p\2)  <  tp  >  +  <^(IH2)  <  p,  %  >> 

where  86fi  can  be  derived  from  (7.5.49), 

<5<5/z  =  2  f  8r(s )  x  8M(s)ds. 

Jo 

At  relative  equilibrium  (me,re  ,  Me) ,  we  could  further  write  the  second  variation  of  Hj, 


as 


re,  Me)  ■  (6m,  6r,  6M )  •  (6m,  6r,  6M) 


< 


,  1 

6m  >  +  ——I  6M(s )  | ds 

Jo  P(s) 

+  24>" (a2)a(6nl)2  +  l  <  A(6r)3(s),  (6r)3(s)  >  ds  1  ‘ 

Jo 


M 

a 


j<5^|2  -  2|£|  /  ei  •  (<5r(s)  x  6M(s))ds. 

Jo 


Also  we  have,  from  (7.5.49), 

/  6m-i  +  |£|  Jq  p  a  8r?  ds  -f  J^a5M3ds  \ 
8fi  =  8mo  —  |f|  fg  p  a  6ri  ds 

\  8m 3  —  Jq  a  8M  ids  / 


(7.5.55) 


where  the  arguments  (5)  of  the  functions  in  the  integrand  is  assumed.  By  letting 


in /  _  2\  l£l 

*  (“  >  -  ~ • 


(7.5.56) 


the  second  variation  could  be  further  written  as, 
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D2 H^rrig^e,  Me)  •  ( 6m,6r,8M )  •  ( 8m,8r,8M ) 


Ji 


&m\  + 


1  Id 


Ji  OL 


^  «  + 


J3  a 


<5m  \ 


ifi 


r  c  j  2id  . 

/  paorids  +  - 01713 

Jo  a 


fa 


a 


l  >  2 

p  a  or  j  (is 


lei 


a 


UaaW' 


SM  x  ds 
2 


ds 


-  2|d  /  {6r2SM3-  6r36M2)ds  +  [  -  (SM2  +  8M22  +  5M23)  ds 
Jo  Jo  P 

+  [  A1{Sr1)23  + A2(Sr2)]  + A3(6r3)23ds. 

Jo 


(7.5.57) 


By  the  energy- Casimir  procedure,  we  have  to  check  the  conditions  for  positive  or  negative 
definiteness  of  this  quadratic  form.  By  comparing  (7.5.57)  above  with  Eq.  (5.7),  p.  88  in 
[38],  we  see  that  they  both  have  exactly  the  same  form.  Besides  the  notations,  the  only 
differences  are  at  the  moment  of  inertia  and  the  definition  of  a .  Consequently,  we  could 
follow  the  techniques  there  to  analyze  (7.5.57).  After  nontrivial  analysis,  we  obtain  the 
following  sufficient  conditions  for  stability. 


a  -  J2|d 

,  l«l3 
'  A\C  J 

f  p(r)2 a(r)2 dr, 

0 

(7.5.58a) 

a  -  *>ld 

>  p(s)  id 

[  a(r)2dT,  for  s  G  [0,L], 

Jo 

(7.5.586) 

1 

P(s) 

> 

A2C’ 

for  s  G  [0,  L], 

(7.5.58c) 

1 

p{s) 

,  Id2 

A3C’ 

for  s  G  [0 ,  L] , 

(7.5.58  d) 

where  C  is  the  lowest  eigenvalue  of  -d2  /ds2  arising  in  applying  Poincare  inequality  to 
simplify  (7.5.57),  i.e. 


for  /( 0)  =  /(l)  =  0 .  In  fact,  let  C  = 
boundary  conditions.  We  have 


ds  >  C  [  f(s)2ds.  (7.5.59) 

Jo 

—d2/ds2 .  Let  f,g  be  in  the  domain  of  C  with 


<'  JJfi  9  >  l-2  —  /  1  9  ^  L21 
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where  <  •,  •  >£,,  denote  the  L2  inner  product  and  f  is  the  first  derivative  of  /.  We 
can  express  now, 


Jo  f'(s)2ds  <Cf,f>L, 2 


=  31  (/), 


JofWds  <f,f>L 2 

which  is  the  Rayleigh  quotient  associated  with  the  operator  C.  Since  L  is  strictly 
positive  and  symmetric,  from  Theorem  5,  p.  343  in  [67],  inf  (/)  is  equal  to  the 
lowest  eigenvalue  of  C.  By  standard  calculations,  the  eigenvalues  of  C  are  n27r2/L2, 
n  =  1,2,--*.  As  a  consequence,  we  have  a  tight  bound  in  (7.5.59), 

r2 


C  = 


7T 


r  2  ‘ 


By  substituting  the  formula  for  a,  cf.  (7.5.51),  conditions  (7.5.58a)  and  (7.5.58b) 
become 


{Ji  -  J2+  [  p(T)a{r)2 dr)  |£|  +  h  > 
Jo 

{Ji  -J3+  l  p(r)a(r)2dr)  |£|  +  h  > 
Jo 


S  Jo 

p(s)  ICI  /  a(r)2dr, 
Jo 

for  s  €  [0,L]. 


(7.5.60a) 


(7.5.606) 


It  is  easy  to  see  that  for  l\  sufficiently  large,  conditions  in  (7.5.60)  are  satisfied.  We  thus 
only  need  to  check  conditions  (7.5.58c,  d)  for  stability.  We  summarize  our  discussion  in 
the  following  theorem.  The  proof  automatically  follows  from  the  above  formulae. 

THEOREM  7.5.1 

For  the  system  of  a  rigid  body  with  momentum  wheel  and  attached  string,  assuming 
there  is  only  one  rotor  along  a  principal  axis,  and  (7.5.41),  also  assuming  the  following 
condition  holds, 

>  max{  JQ  Pi.r)2a(T)2dT  -  (^h  -  J2  +  J  p(r)a(r)2<fr^ , 

p(s)  J  a(r)2dr  -  ^ Jx  -  J3  +  J  p(r)a(r)2dr^  ,  for  s  e  [0,L]  }, 

°  (7.5.61a) 

the  relative  equilibrium  expressed  in  terms  of  convective  variables  (7.5.42)  is  formally 
relatively  stable  modulo  G  if 


186 


(7.5.616) 


Ifl2  < 


ir 


L2p(s) 


min{  Ao,  A3  },  for  s  €  [0,L]. 


I 

Consequently,  no  matter  which  principal  axis  the  rotor  spins  about,  for  sufficiently 
large  spinning  rate,  stability  is  assured  if  the  assembly  rotates  at  a  speed  bounded  by  a 
material  constant.  In  particular,  for  a  uniform  string,  p(s)  =  po ,  we  could  further  write 
conditions  (7.5.61),  (7.5.62)  as 

j-j-  >  max{  ~^2~j  a(T?dT  ~  (ji  ~  h  +  Po  J  a(T)2^,  h  -  h  }, 
l£|2  <  7? —  min{  A2,  43  }. 

(7.5.62) 

These  conditions  (7.5.61),  (7.5.62)  could  be  thus  used  to  design  a  suitable  to  ensure 
stability. 
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CHAPTER  VIII 


Conclusions 


Some  coupled  mechanical  systems  were  considered  in  this  dissertation  to  explore 
general  methodologies  in  dealing  with  Eulerian  many-body  problems  arising  in  spacecraft 
design.  The  path  of  geometry,  dynamics  and  control  proved  to  be  helpful  in  treating  these 
problems.  Some  of  the  contributions  of  this  dissertation  are  outlined  in  the  following. 

In  Chapter  Two,  the  generalized  Euler- Lagrange  equations  for  the  special  orthog¬ 
onal  group  50(3)  were  set  up  so  as  to  make  it  possible  for  us  to  derive  dynamical 
equations  for  any  system  including  50(3)  as  a  factor  in  the  configuration  space.  In 
particular,  this  scheme  can  be  easily  applied  to  get  the  dynamical  equations  of  coupled 
rigid  bodies.  Moreover,  the  developed  geometric  structures  of  the  group  50(3)  help  us 
in  handling  variational  problems  on  T50(3)  and  TmSO( 3).  These  techniques  also  were 
extended  to  the  infinite  dimensional  case  in  Chapter  Seven  in  treating  string  problems. 

One  of  the  most  important  notions  introduced  in  this  dissertation  is  that  of 
a  gyroscopic  system  with  symmetry.  It  generalizes  the  notion  of  simple  mechanical 
systems  with  symmetry  to  include  a  term  linear  with  respect  to  velocity  variables  in 
the  Lagrangian  functional.  Such  systems  are  still  hamiltonian  systems  with  symmetry. 
Most  of  the  interesting  results  for  simple  mechanical  systems  with  symmetry  can  be 
transplanted  to  gyroscopic  systems  with  symmetry.  However,  this  generalization  does 
enable  us  to  handle  a  lot  more  interesting  problems  such  as  dual-spin  problems,  etc. 
In  Chapter  Three,  the  general  framework  was  introduced  with  some  discussions  about 
symmetry,  reductions,  and  relative  equilibria.  In  Chapter  Four,  we  proved  that  the 
multibody  analog  of  the  dual-spin  problem  admits  as  limiting  solutions  stable  relative 
equilibria  of  a  gyroscopic  system  with  symmetry.  In  Chapter  Five,  the  beautiful  theorem 
on  block  diagonalization  of  the  second  variation  of  the  energy-momentum  functional 
obtained  by  Simo,  Lewis,  Posbergh,  and  Marsden  for  simple  mechanical  systems  with 
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symmetry  was  extended  successfully  to  the  gyroscopic  systems  with  symmetry.  The 
block  diagonalization  theory  and  related  stability  results  were  used  in  Chapter  Seven 
on  four  interesting  problems  to  demonstrate  the  influence  of  the  gyroscopic  field  on 
dynamical  behavior,  especially,  cn  stability  properties.  The  notion  of  gyroscopic  control 
was  also  presented  to  emphasize  the  possible  role  of  the  gyroscopic  field  in  devising 
elfective  control  algorithms. 

In  celestial  mechanics,  it  has  been  noted  that  modeling  based  on  point  masses  is  not 
sufficient  to  explain  observed  phenomenon  (cf.  [75]).  It  is  thus  the  main  theme  of  Chapter 
Six  to  initiate  a  program  of  treating  the  bodies  in  a  gravitational  field  as  bodies  of  finite 
extent.  For  a  rigid  body  in  such  a  force  field,  we  have  shown  that  there  are  no  great  circle 
relative  equilibria  for  asymmetric  bodies,  contrary  to  the  usual  situation  for  point-mass 
models.  This  manifests  the  difference  between  the  two  approaches.  In  order  to  account 
for  the  problems  coming  from  the  integral  potential,  appropriate  approximation  schemes 
were  developed  to  preserve  the  structure  of  the  system.  However,  it  has  been  shown 
that  the  stability  property  is  not  preserved  under  approximation.  Methods  introduced 
in  Chapter  Five  were  used  to  prove  a  stability  result  for  the  approximate  models.  In 
contrast  to  the  classical  methods,  the  modern  approach  here  provides  systematic  and 
efficient  means  for  solving  stability  problems. 

The  research  in  the  future  will  be  continued  along  these  lines.  Firstly,  the  higher 
order  tangent  space  representations  for  SO( 3)  will  be  generalized  to  semi-simple  Lie 
groups.  Infinite  dimensional  systems  will  also  be  considered.  In  particular,  modeling 
problems  involving  tether  structures  are  currently  under  investigation. 

Secondly,  properties  of  the  gyroscopic  systems  with  symmetry  will  be  explored  in 
greater  detail.  In  addition  to  the  study  of  the  abstract  framework,  concrete  examples 
will  be  further  investigated.  Problems  related  to  bifurcation,  chaos,  geometric  phases, 
etc.  will  be  formulated  and  exploited.  Furthermore,  the  role  of  damping  effects  in  such 
systems  will  be  investigated. 

Eulerian  many-body  problems  will  be  further  studied.  Instead  of  single  rigid  body, 
the  problem  of  coupled  rigid  and  flexible  bodies  in  a  gravitational  field  will  be  studied. 
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One  interesting  example  is  again  the  tether  problem.  We  will  integrate  the  techniques 
developed  in  this  dissertation  towards  a  deeper  understanding  of  tether  problems.  We 
expect  also  that  the  study  of  such  concrete  physical  problems  will,  on  the  other  hand, 
give  us  more  insight  and  hints  for  further  development  of  the  general  methodologies. 
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